
Problem Set 1

Feb 20, 2025

In this problem set, we always assume that the groups have finite order and the vector
spaces are finite dimensional over C.

Problem 1. (Lecture 2 exercise) Let V be a vector space, and p : V → V a projection,
that is, a linear map satisfying p2 = p. Show that V = Ker(p)⊕ Im(p).

Problem 2. (Lecture 3 exercise) Let (π1, V ) and (π2,W ) be two representations of G. Let
(π∗

1, V
∗) the dual representation of (π1, V ). We further assume that dimC V = dimC V

∗ = n
and dimC W = m. Let HomC(V,W ) be the vector space of linear maps T : V → W.

1. Let {f1, . . . , fn} be a basis for V ∗ and {w1, . . . , wm} a basis for W. Then we can con-
struct a linear map

A : V ∗ ⊗W → HomC(V,W )∑
i,j

λi,jfi ⊗ wj 7→

(
v 7→

∑
i,j

λi,jfi(v)wj

)

Show that A is a (vector space) isomorphism between V ∗ ⊗W and HomC(V,W ).

2. In Lecture 3, we defined a representation (π̃,HomC(V,W )). Show that A : (π∗
1 ⊗

π2, V
∗ ⊗W ) → (π̃,HomC(V,W )) is a (representation) isomorphism.

Problem 3. Let (π1, V ) be an 1-dimensional representation of G and (π2,W ) an irreducible
representation of G. Show that (π1 ⊗ π2, V ⊗W ) is an irreducible representation of G.

Problem 4. (Lecture 6 exercise) Let G be a group and denote by C(G) its (in-equivalent)
conjugate classes. For [g] ∈ C(G), we can define a function

f[g](h) =

{
1 if h ∈ [g]
0 if h /∈ [g]

Let H be the vector space of class functions in Lecture 6. Show that {f[g] : [g] ∈ C(G)} is a
basis for H.

Problem 5. Denote by K the Kelin four group K =< a, b|a2 = b2 = (ab)2 = e > . Show
that K is an abelian group of order 4. Then calculate the character table for K.
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