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Problem 1. (Lecture 14 exercise) Let R be a commutative ring and M an R-module. Show
that the following conditions are equivalent:

1. M is a Noetherian R-module.

2. Every ascending chain of submodules will eventually become constant; that is, if we
have a chain of submodules M1 ⊆ M2 ⊆ M3 ⊆ M4 · · · , then we can find some n ≥ 1
such that Mn = Mn+1 = Mn+2 = · · · .

3. Every nonempty set S of submodules will contain a maximal element, that is, we can
find a submodule M0 ∈ S and M0 is not properly contained in any submodule in S.

Hint: look at the equivalent conditions for a Noetherian ring.

Problem 2. (Lecture 16 exercise) Let V be a finite-dimensional vector space over a number
field F. Let B : V × V → C be a nondegenerate bilinear form. Let {v1, . . . , vn} be a basis
for V.

1. Show that the map

Φ :V → V ∗

v 7→ Bv

is a (vector space) isomorphism between V and V ∗.

2. There exists another basis {w1, . . . , wn} such that

B(wj, vi) = δi,j =

{
1 if i = j

0 if i ̸= j.

Problem 3. Let α ∈ C be a complex number. We say that α is an algebraic number if we
can find a polynomial f(x) ∈ Q[x] such that f(α) = 0.

1. Show that α is an algebraic number if and only if Q[α] is a finite-dimensional Q-vector
space.

2. Let Q be the set of all algebraic numbers. Show that Q is a field, and Q is the union
of all number fields.

Hint: consider how we showed the ring of integers is a ring. Additionally, you can directly
use the fact that Q[α] is a field provided that α is an algebraic number.
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