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ring with multiplicative

identity I R Z Q R C FTT afield
For an integer n 1 we define general lie'group

GLn R invertible nxn matrices with all entries in RJ

Faut A matrix AE GLn R is invertible if and only

if det A is invertible in R

This implies

GLn Z A nxnmatiie.es with all entries in 2

and det A 1

Let F be a field F Q R

GLn F A nxnmatices nith all entries in F
and det F 0



Let F be a field and Va vector spare over F

We assume that dim
f
V ncb

Then we can find a basis v vnj F

such that

11 V SpanFYV.Nzi.vn

2ivi vn are linearly independent

We call v Unl is a basics for V

Remark We have is many choices of basis

However the numberof elements in a basis

is always n That is how we define

the dimension of a rector space

Definition Let V be a vector space An isomoh
is a bijective linear map T V V

Then we set

GL V isomorphisms of a vator space V1



Lemmais Assume that dimfV n Then there is

a bijection between CLIV and Gln F

Remark This lemma implies all the isomorphisms

between V and V are indeed invertible matrices

__________________

complexmmbns.tt

Recall 4 Yzatbi a bER i2

1JForZatbi

a is called the realm of Z denoted by Re z

b is called the imaginary partof Z denoted多 Im z

There is an bijection between C and R2
imaginary a

Z at bi ifq_t.at
bi

real axis

This also implies we on view Casa

R vector spare and dimp6 2



By Calculus I we can express
a point in R2 by its

polar coordinates

Z at b i ⾮衰

rcosotrsi.no i
Euler's identity

r cos otis in0
eiecosotisi.no

r e
i o

with r 0 and OER

Note if z r e Z2 rzei then

Z.zirzeiltQRefimtio_n.itet z at bi Then the conjugate f Z
denoted by E is defined by

Z a bi
Cheek Z Z at b2

and we set 1z1 Z E a⼗b ⽴

Next we t

x polynomials with coefficients in 4J



Teoreml.rs Fundamental theorem ofalgebra

Let f x E x and fix is not a constant

Then fix has a root in G

Corollary Let f x E x of degree n

f x a x_x x_x x αn

with ao α αn E

Proofof corollary By fundamental theorem of f x

f a 0 for some α E C

Notice that G is afield G x is a Euclidean

domain Then we can find qcxl and rex
st

f x 9 x x_x t r x with

degrcxl deg x a 1 rlxl is a constant

Notice that fla 0 9 a 1α a 0 r x 0

r x is a constant and r a o r x 0

This shows f x q x x_x



Then we set f x α_ 9ㄨ

We apply the fundamental
theorem

again and we

have f x 9 x x α2

We continue this processand we finally get

f x Go x_x x α x αn

Let G be a finite group

Let V be a finite
dimensional vector spare over C

Definition A linear representationn_ofC.is a group

homomorphism T G GL V that is

111 for any g EG Ng E GLIV

21 for any 9 g f G 丌9셈 92 T1g 丌g

131 T l e Idv
Here e is the identity of G

Id v is the isomorphism on V sending r lo v



We use the notation Ti V for a representation ofG

Furthemore if dimeV n we say that the

degree dimension of 丌 is n

We use the notation deg T dim T n

Remark If dimaV n we can identify GL v

with GLn This means when fixed a

basisof V Tilg can be identifiedwith

an nxn invertible matrix of aln 4

Remark Notice that 丌g E GLIV and Ng is a linear

map and
hence Tlg is totally

determined by

Ng v T19Vn provided that vii vn

isabasis.LemmaLet TiVI be a representation of G Then

TIgt T g
1

Proof This is due to

I v T e T19.9t T1g Tlgt
T191 g nlgy.nlg

1 TYTJ



Example I Let V 4 dimeV 1

Then GL V 4 C allv1
a v1 all

The

型 Ii ange a
Remark The trivial representation can be defined for arbitrary

groups However in most cases the representation is

dependent on the group G

Example I Let G Sn permutationsof n numbers

ㄥ⼀⼀standardbasis

V c spanc9e _en

Then we define a representation T V

T Sn GL V

0 1 T 0

with 丌101 a i e i i a i loci
This is called the standardrepr_esentati.in for Sn



Another way to
consider this representation is

V has a standard basis Ye en

Then 丌 o is totally determined by To ei

and we know T o e i e o i i

Sometimes we use the notation

std C for the
standard representationof Sn

Example I Group Algebra and right translation

Next class


