
 

Definition Let G be a finite group We define the

groups denoted by GIGI to be the

set of formal sums 新aggnithagE4

CI G n agg ag Ec f

We can define the following operations

⼩ addition nag.gtfabg g

nlagtbgl.g.lac is an abelian group

2 scalar multiplication by 4 Xec

gagging.g

⼆

忌 iaglg

The scalar multiplication and the addition
will make

4 G a vector spare c

and dimeG a 1Gl the cardinality order

of G



Remark Sometimes we use notation eg instead of g

In this case eg gEG is a basis for G

31 the multiplication

陆 bit i.ba ⽹

汇 厨abt g
9EG

Example Definition Let G be a finite grong with its

group algebra GIGI the regularrep_resentat.in

R G G is defined by

R G GL 4 G

9 1 3 Rlg
where

Rlg hat tfǎaigt
or Rlg 蝱 ate Z at egt



Weonly check the homomorphism pat that is

R19셈 92 R19 R19

Piih an arbitrary hat.t E G

RI9gl uattfZaGt9igzt'RI9RI9 intt R9i R19 ZGatt

Rl9il Èaatgzt

忌 at 919it R1919 t

Sime we chose忌 Gtt arbitrarily we showed

R19셈 9 R19 R19

Remark This representation is very important
in later

chapters since all the irreducible representations

the building blocks
will show up in the

regular representation



Subrepresentationstttl

Tba representation of G and WEV

be a subspace

Definition We say that W is sit under the action

of G if for any gEG
and any wEW

TIg W E W

In this case we get a representation ofG is the

following way G GL N

g Tlg

sime Tlg w EN for all gEG and we W

DefinitionWe use
W W for this representation

and this

is called a subrepresentationn

n_ofln.D.decall In the linear algeba
class we have a the following

result let WE V be two vector spares then

we can a W V a vector spare smh that

V W Wee complementary



Our goal for this lecture is to prove
a similar result

theorem Let T V be a rep
n of G and nW w

Maschke be a subrepn of G Then we can find W V

smh that

⼩ W is stable under G i.e Two Wo is a

snbrepnoffn.li

12 V W W

Remark This theorem is true not only for vectorspace

Indeed if we assume CharF f lal then the
theorem holds for vector spaces F

Before the proof we need some preparations

Definition Let 不 V and is W be two rep

ns.fGAnintertwiningoperator_is
a linear map T V W

smh that for any gEG

To T 9 T219 T
or the followig aliagran commutes



V N for any gf G
不19 19

V W

We use Homa V W for thesetof all intertwining operators

Definition An intertwining operator T
V W is an isomorphisms

if T is also a bijection between V and W

In thiscase we say that
two repns 不 V and TzW

are isomorphic

Definition Let T be an intertwing operator for

n V and 位 W Then

⼩ ker T v EV T1 0

121 Im T wEW thereexists VEVs.t.TN
wJLemma

ker T Im Tl are stable under G

This means Kerli is a snbrepn of V

Im T is a snbrepn of N



Proof an Let veker i and gEG

T Tiglv Tzlgl T v 0 不191 v EKer i

21 Let we Im IT and gEG
Then we can find v EV sit W Tlv

Tsg w ⽯ g Tv T 11g v E Im T ⼝

Somelinear algebra results

Definition Let V be a vector spare A pojationnnn is a linear

map p V V satisfying pop p

Exercise Let V be a vectorspare and p V V
a projection

Then V Im p Ker p

Hint forany vE V V pl V N 9
show PDE Im y v p v ekerlplandImlpllke.pl

Observation Let V be a vector spareand suppose it can

be written as a direct sum V W W Then

we can construct a projection in the following way

V W W p V V

V wt W V 1 W



Notice that Plw Idw and Plw 901

That is why we call p a projection

roof of Theorem Suppose that TW W is a subrepn of

n V Then we can find W V a subspace s.t

Imp W
V W W

Then we can construct a projection ǐiǚ V

Next we construct a new map Po V V

P 击 蝱
不19 P.T19

Claim in Po is a projection

Ri Po V V is an intertuning operator

131 Imp W

We first assume the
claims and finish the proofof

the theorem

Sime Po is a projection we can write

V Imp tkerlp
Since po is an intertuning operator

Im p and kerlpo are subrepns of G



Sime Im po W we can set Wo kerlpo

then V Im p ker po W Wo

and Wo is stable under G

Proofof Claim I for any hEG

Th P 六点
Thlilg p T19

t

i 蝱 Tlhgl.p.nl
ngt.T1h

9 8
不GT g p.T19 Th Po'Th

Proofof Claim 亚 For any VEV TlgI'VEV

p.T195 VE W nlglpTlgtvEW

P V 有忘Nglpnlgjtv
EW Imp eW

For any w E W Tlgt w E W PT157w Tlgtw

Ng pilgi w w Plw Idw

Pow 有不可191PT1951w_w Im p w

Note this also shows Polw Idw

roofof Claim I
We first show P P P

1



091
For v E V W W v wt w

pop v PoW ⼆ W
Pop P

P V W

Then

Pop P i 磊 T9 P T19
t

击 P.nlglp.nlg 1

有 T9 Po.PT1951

有忘
T191 P.T19 t P

This completes the proof of the claims
and hence

the theorem


