
 

Definition Let T V be a repn of G We say
that it is irreducible simple if the only
proper subrepn of V is 101

Remark By the definition
the zero vector spare is

note irreducible

Lemma Let T V be a repn of G and dimeV 1

Then t V1 is irreducible

Proof Let WE V be a subspare

Since dimeV I dimaW 0

Therefore the only proper snbrepn of tiV is 901⼝

The following theorem is saying that the
irreducible

repns ane building blocks for repns

theorem Every repn is a direct sum of irreducible repns

Proof Let ii V be a repn ofG Prof by induction

If dimeV I this is irreducibleand V V



Next assume that dimeV n t I and V is not irreducible

Then there exists a subrepn101 WE V

By Maschke's
theorem we can find another Wo E V

smh that V W Wo

and W Woanesubrepns.fi V

Since 905 WE V dimW dimWo n

Then by induction hypothesis
both W No can be

written as direct sums of irreducible repns

W U V2 Ur

Wo三 Ui Ui Us

Then V W Wo U Ur U U Us

Then by induction we complete the proof ⼝



Observation A creterion for an
irreducible repn

Let T.V be a vepn for G Then ITV is irreducible

if andonly if for any Of V E V

V spanG Ng v gEG

roof Let V EV nonzero Set

W u span 丌g v.ge G

This is a subrepn of V since it is stable under G

If i V is irreducible then Wlu V or WI 0

Sime U 0 Ng v to ilg V V is an isomorphic

Theefoe Wlvl lol Win V

If TV is not irreducible
then

V_V V2 Vr with each Vi
irreducible

Tabe ve V1 then W v V1

This contradicts that WI V A



Example let G Sn and V 4

We defined the standard rep
n std c for Sn

We want to write it as a direct sun of
irreducible repns

Recall 4 spana Se en ein ith

We have tuo subspares of
W de tdezt.de n ⼊ spgfe.tn

enj.IN2⼊eitezt.in en ⼊it ⼊not

Claim the standard repn can be
written as the

direct sums of irreducible repns

W Wz

We need to show the
following things

⼩ W is stable under Sn

Then dimaW 1 W is irreducible

21 Wz is a vector spare and

Wz spanc9e.es ezes ent en



131 Wz is stable under G and Wz is irreducible

We only prove 3 take w EWz wedie t ⼊nen

with ⼊it ⼊n 0 Tate OESn

TI lo W ⼊ eo12 ⼊2 local t ⼊nlocn

⼊oye It ⼊ oyezt ⼊otcnlen

⼊o 2 t ⼊otcnl ⼊1 ⼊n 0 ToiW E Wz

Next we show that Wz is irreducible Ne use the
criterion to show the irreducibility

take 0 WEWz w die

tdzezt.ndnen.sime ⼊it ⼀⼊n 0 and wto we can fidylitdj
Take o i j itj

W ⼊ e t die it djejt ⼊nen

To W ⼊ e t ⼊ iejt ⼊je it in en

W n o w iii ei ejlEW2
it lj sei

ejEWz.TaheoI



To e i e j e ⼀ ez E Wz

Take 0 23231 n lo e e es es E Wz

Ne continente this process and we can

ere ez es.es_ey ent en E Wz

This shows spandnlglvi.ge G W2

am ii ii
iw̅duatrpn
I tㄒV be a vector spare

The duals

of V is i

V f V G fare linear functions

Home V

This is a vector space

Moreover let u un be a basis for V

Then we can define the linear funtionsvT.n.vn



as follows for V a Vita Vit anVn

Vila VitGzV2t anVu Qi
Then NT v will be a basis for VA

This shows dima V
dimcrtvhendimcVccs.JLetli.lt

be a repn of G

Definition The dualn n V7 of G is defined

as follows
Ti G V Home V

g Tlg

丌19 f v f Tlgt v

Chak 1919 f v f lil gigi v
f T192州Tlgi v

9 li 9 f v T g T1921f v

T 192 f T19i v f n19i 119

丌 1919 f T 191丌 9 f T19셈 9 T19IT9



Tii.initwbetuovatorspaces.Thetpnot.denotedbyV

W.is the vectorspareof
finite formal sums

V W Xi j Vi Wj Vi EV Wj EWJ

Satisfying
a anbi.bz 4

11 is a bilinear map that is ViV2EV w meW

a Vita V2 W Q v w t92 V2 1

V b w tbzw V bwilt V b2W

b w t b2V w

21 suppose that V hasa basis 个v vn

Whasabasis9w

WmJthenVW has a basis Vi Wjiki n kj m

This shows dim V W dim v dim W



Definition Let T V1 and i V2 be two repns ofG
Then the tensorprodutrepnn

n e.is defined as follows

T Tz G 3 GL V V2

g 不 g

1 丌 g ƩXijviag Ʃ ⼊ijfn gvi ⽯g

Lxanple Let IT V TzV2 be two repns of G

Home V V2 all linear maps V V2

This is a naturally vectorspace by defining

T ㄒ2 T U E

XT v ⼊ T T ⼊v

Then we can make it a G repn.fi Homely V2
T G Home NiV

g 1 T 1 ⼈ Tzlg可 Tilgt

Exercise 戒 Tz VT V2 and TT Homa V V2

as G repns



㗊 9iii.in
i

ti.ia.raiLetfvivnl be a basis for V

Then we have an isomorphismO.tl V V

Vby.Olvi Uj Vj Vi and extend it linearly.I

Notice that 02 Id

Then we define

Sym V Z E VOV 0 2 Z

spanc Vi Vjtvj vi i j

diǎsym v
N型

⼋ V ZEV V O Z Z

spana Vi Vj Vj Vi i j

dime if V
州

Bycomparing dimension V V Sym v 112 v

dim n dim型 dim型



Sym v and
112 V are stable under G

Sym V the symmetric square repn

R V the exterior square repn


