









































































































㗊 9iii.in
i

ti.ia.raiLetfvivnl be a basis for V

Then we have an isomorphismO.tl V V

Vby.Olvi Uj Vj Vi and extend it linearly.I

Notice that 02 Id

Then we define

Sym V Z E VOV 0 2 Z

spanc Vi Vjtvj vi i j

diǎsym v
N型

⼋ V ZEV V O Z Z

spana Vi Vj Vj Vi i j

dime if V
州

Bycomparing dimension V V Sym v 112 v

dim n dim型 dim型












































































































Sym v and
112 V are stable under G

Sym V the symmetric square repn

R V the exterior square

repn.havbaveetorsparela.laTiV

Vbahar

map.Wefixabasisiu.n.vn of V
Then

Tlu.n.vn Tv Tu Tun v un A

with A an nx n matrix A⼆愿 9

We define tr A ant Gist ann i9ii
As weary basis

the matrix corresponding to T might

change but the trace will neve change

This is because tr BABt tr A for any
invertible B



Therefore we let r T tr A

⼆cut Suppose that T是 Id for some me2 Then

T is a diagonalizable that is we can find a basis

Su vn了 of V such that

T u vn Tv Tun u vn i.m
dianeeigenva_luesofT Tvi diVi

In this case we know tr T ⼊ t.in

Let ITV be a representation of
G.efim_tioniThechare.fiV is a funtion

X G G defined by

g tr Ng

Lemma Let ti V be arepnof G Then forany

geG.nlg is diagonialieable

Proof This is
because Ng Tlgl Tleg Idr⼝



Lemma Let ti V be arepnof G Then forany gEG

the eigenvalues of nlg has modulous I

Proof We know 丌19 V V is diagonaliaable then

we can find a basis Tv vn suhthat

T19 lUi Vn V1 vn in

Set m 1Gl then T19
M I d

N9Mlu n U un

Id v vu u u
1

This implies i I Mil 1 I

Remark We alsoshow each eigenvalue is a

meth root of unity i.e it is a rootof
the equation ZM 1

Proposition Let iii be a repnof G and its character

Suppoe that dimeV n Then

I X e n



12 X19⼗ 19

31 191929i X 92 or X19.9 X19 9

roof 11 X e trlil e trl Id n

121 191 trl Ng trl T19⼀

If T19 v vn u n
n

then丌197Ni vn v n
nl

xlgt ⼊ it in

ii has modulous I ldik1 di di

xlgy xitxit.in x19T

131 91929i tr TI191929i

t r T19 T 9 T19⽉ tr T19

X 92 17



Example Let T Vi and ⽯V2 be tuorepnsof G

with characters X X2 Then

Il Thedirect sum n T V V2 has charentes

v1V2 Xt X2

2 The tensorprodutlT Tz.V V2 has characters

XV V2 ⼆ Xi X2

Proof Tahegeh Let Ii Un be a basis for V1

Sui Vin be a basis for V2

Tilglli.vn u vn
in

xlsl dit.in

丌2191 vi vn vii um
in

xlgkdit.im

I We know fv vn vi vn is a basis for V1 V2

and
不 在19 v.n.vn vi vm

11191V1 不19Vn T2gvi 在 g Vm

li.vn vii.vn1 1 ni



Xian 9 trl 不 丌219 ⼊ t.int dít ⼊m

X191⼗X219

121 By the construction of V V2

Viaj ki n kj m is a basis fa Viok

T 在19 Vi Vj T19 vi 2191Vj
i vi djvi didjviaj

Xv.az 9 trfMOTz 9

蝱蝱
⼊ixj

⼊ it ⼊n ⼊ t ⼊m X1191X219 ⼝

Example Let in V be a repn of hand X its character

In a previous lecture we defined the sym Vrepn

and RV repn
which aeswbrepnsofV

V.DenolebyXsymz.Xp.theircheruters.T

hen



sym 9 xlgpt 192

ad X 219 ⽴ X 9
2

g

Proof Only prove Xsyni 9 ⽴ 19
2
X197

Again we choose the basis vii vn ofVsuhthet
Tl9l Vi vn lv vnMn

Thsimplies nlg v un v vn 只
⼊

By the basisof V we have a basis of symil

Vi Ujty Vi with kij n

T 丌 9 Vi UjtVj K

119 vi 19 vj 1191Vj Ng vi

⼊ixj Vi y jdivj Vi

Xi少 vi yt Uj vi

Xsyni 9 朚 ndidj
On the other hand



当X19⽃ 197 ⽴ it ⼊nitxitxit.in
⼆ 主 2in didj indij

⼝

Adsenssionon thm t hrootfnity.it
Let m 1 be an integer We consider the solution

of the equation
XM 1

Suppose that Z r e
iO E G and zm 1

ZM 1 121 1 r 1

Theefor Z e it for some OER

zm e
iO M

e
imO 1 e

i2不k kEZ

This means mO 2T.k
and hence 0

2

k 0 0 0

k 1 0 哥
k 2 0

2哥



i
k m I 0

2带
k m 0 2ㄒ 2T O 2T

We know ei 0 2T e
io

Therefore we have m solutions

I em ei哥 ei 州

or ei然 0 k m 11


