
 

Shur's Lemma Let 丌 V1 and不V2 be two irreducible

repns of G Let T V1 V2be an intertwiningoperator

Theni

111 If TV and in V2 are not isomorphic then T 0

21 If 不 V1 不 V2 then we can find⼊ EC such

that 下⼀ ⼊ Idv

3rofi.li Suppose thatOFT V1 V2 is an intertwining operator

Then
kerTisasnbrepuofn.V.is

irreducible Ker T 10 or kerli V

T to kerli 101 Tis injective

On the other hand Im T is a subrepn of k

V2 irreducible Im T 10 or Im T V2

T 0 Im T V2 Tis surjective

This means T is a bijective intertwining operator

and hence Vi is isomorphic to V2 a contradiction

21 Suppose that Ti V V1

Let ⼊ be an eigenvalue for T



Set Vn v E V Tv ⼊v1 101and T T ⼊Idr

T is an intertwining operator T is an intertuig operator

We know V is irreducible Ker Til 10 or keriif V

We can show Ker Til V⼊ 90

Ker IT⼊ K V1

This concludes Tv ⼊v for any v E V1 ⼝

n the following we assume V and ⽯ V2 are

irreducible repns of G and IGl is the orderofG

Corollary Let h V V2 be a linear map.Set

h i 磊
在1g h.nlg

Then I If li.li and ⽯ V2 are not isomorphic

then h 0

121 If 不V1 T V2 then

ho ⼊ Idr with ⼊ 是
n dimeV1



Proof Observation ho is an intertwining operator

It If 下 U ⽯ V2 h o by Schur's Lemma

21 If fn Vi ⽯ V2 ho d.Idu.by Sahu'sLemme

If we have a matrix A in then⼊ t ⻔

trlh trl六点 T19 1 hn 19

有新 trlTgtl.hn19

忘 trlh trlh

h ⼊Idv with n器v
⼝

Vext we fix a basis v un for V1

a basis v Vin'S for V2

Then for gEG T 19 Mij g ij n

下219 Nke 8 k em



Notice X1 9 Mn19 Miz 9 Mun s

2 9 Nn191 N221s Nmm 9

Remark Mij 9 is called the matrixcoefficiatnze of
a representation

Set h Xei en
Then ho lykjlik.mn

ynj ⼆ 亦 ⾔蕊m

Nke19th Xei Mij g
1 i n

Case I If fn Vil f ⽯V2 then ho 0

and hence ynj ofoallk.j.sime we are choosing Xei arbitrarily we have

去 Ʃ Nkelgt Mij 9 0
9E

GaseI Assure that TI V1 T V2 then

h ⼊Idv ⼆型 Idu set Sab 9 itai

⼊ ⼆ ⽅蝱Sei Xei



gkj⼆六 in Sei Xei Skj

击⾔炗n
Nke157XeiMij 9

六点nfeifkj Xei

that is

蝱n偷忘
Nke151 Mijlg

n i xei

By equating Xei

有忘 Nrelgt Mij19 Seifnki

Corollary Asune the notations above

111 If V1丰Vz then

有不Nke19 Mij 9 0



211 If V1 V2 and
不⼆灭 then

亦忘Nke1st Mij19
fifnki11stJOrthogonalityrelations

T

lopxvalud funtions.in G that is

G G 4 G G

We can define the scalar product

中141⼆ 击不 中191419T

Cheek III ⼊中⼗⼋24214 ⼊1141⼗ t ⼊2lb14

121 ⼊it ⼊242 T 414 x2̅ 4142

131 414 4
141 中141 0 for any

141中 o if and only if 4 0



Doposition II Let x be the character of an irreducible

repn then xlxl 1

21 Let Xi X.be the characters of two

non isomorphic repus T V and ⽯V2

then x 1x 0

roof We fix a basis Su vn for V1

Sui v.nl for V2

Then 不19 Mij g icj n

T2 g Nke 9 1 k l m

III Tate X_x the character of 不 V1

xilxi 击忘 xlglx.is

i Xil9 Xilgy

击 新
Mn191 Mnn19 Mn1g Mun19

Fn击蝱Mii 911Mjj g



磊n
亢 Sijfji 1

121 Xilx 忘 X1191X219⼀

⼆

蠡去忘
Neel9⼗ Miilg 0

Let T V be a repn of G Then

T V 不V TnV with Vi irreducible

Furthermore we can rearrange Vi such that

T V m T V1 mzlizV2 Mr r Vr

such that distinct Vi Vj are non isomorphic

Furthermore if we allow mi 0

TV mp p.W
Wirred

Here the direct sum is over all irreducible repns

of G
We use the notation Irr G for all non isomorphic repnsofG



Definition mp is called the index of W in G V
We use the notation T p Mp

theorem Let 下 V be a repn of G nith character

Let pWI be an
irreducible repn of G with

character X Then

T p IX

Pof Suppose that n V Mp pW

Then 中 ⼆蝱ni XW
Then

1x Ʃ mp Xwlx mp ⼝
WEIrvlal

Corollary Two repns with the same character
are isomorphic

Proof 不 V1 guamw p.W

后 V2 ūgcanwlp w
2

中 2 mw nw for all WE Irr G ⼝



Theorem Let bethe character for a repn n V

⼩ 101 is always an integer

121 011中 1 if and only if V is irreducible

roof⼩ TI V iggmwlp.IN ns

011中 吉mwxul后mwxw

赢
mwmuilxulxu

⼆

蝱 mi

FI F 中1中 1 only I Mw I and others 0

T V pW for some WE Irr a

E If i V1 is irreducible then 中1中 I ⼝


