
 

Recall

roposition II Let x be the character of an irreducible

repn then xlxl 1

21 Let Xi X.be the characters of two

non isomorphic repus T V and ⽯V2

then x 1x 0

Let T V be a repn of G Then

T V 不V TnV with Vi irreducible

Furthermore we can rearrange Vi such that

T V m T V1 mzlizV2 Mr r Vr

such that distinct Vi Vj are non isomorphic

Furthermore if we allow mi 0

N igmp p.W

Here the direct sum is over all irreducible repns

of G
We use the notation Irr G for all non isomorphic repnsofG



Definition mp is calledthe index 咝忪city of W in fl V

We use the notation T p Mp

theorem Let 下 V be a repn of G nith character

Let pWI be an
irreducible repn of G with

character X Then

T p IX

Pof Suppose that n V Mp pW

Then 中 ⼆蝱ni XW
Then

1x Ʃ mp Xwlx mp ⼝
WEIrvlal

Corollary Two repns with the same character
are isomorphic

Proof 不 V1 guamw p.W

后 V2 ūgcanwlp
w 2

中 2 mw nw for all WE Irr G ⼝



Theorem Let bethe character for a repn n V

⼩ 101 is always an integer

121 011中 1 if and only if V is irreducible

roof⼩ TI V iggmwlp.IN ns

011中 吉mwxul后mwxw

赢
mwmuilxulxu

⼆

蝱 mi

FI 1 中1中 1 only I Mw I and others 0

T V pW for some WE Irr a

E If i V1 is irreducible then 中1中 I ⼝



Recall the regular representation

G G V 4 a 忘gg age

RMia 1 ⼆点 and

We know R a gnamp p N

Theorem For each WE Irr G mp dimeW 0

Proof Let ra be the character of R 4 G

Claim ra e la l
ra lgl o if g e

Proof ofClaim tale trlilel trl Idc a
dime4Th 1G1

9 e ra lgl t r T19

Notice that for any hEG etgEG ghth
trIT19 0 ra g 0

We know Mp ralXp Xp is the
character

时 p.w



cralxp 有蝱 ralglxplg

有 ra le Xplel i lal.dimaW

dimeIN

Next denote IrrlG the setof all nonisomorphic
irreducible

repns.ForeaehlpWIEIrrla setnw

dimcW.andXwitscharanterCorollang
cal 1G1 蝱a

ni

bl If eg EG then蝱inwXw g
0

Proof We know R G a ginwlp.IN
Let ra be the character

then

ra 蝱 inXw
111Take ge rale 1Gl

Xwle triple dimeW nw

lak蝱nani



F Tate gte ra 9 0

赢 nwxw19 0

Remark This corollary also implies

there are fmit_y_manynon isomorphic.ir
reducible

repns

国n What is the number of nonisomorphic
irreducible repas

Definition Let G be a group A funtion.fi G 4

is a classfh if

flghgt f h for all g heG

Example Let be a character for a repn V of G

Then X is a class funtion

We define

H f G G f is a class funtionJ
It is easy to

show this is a vector spare c

Indeed this is a finite
dimensional vector spare and

we want to compute its basis



叫

Definition Let g 92 be two elements in G Wesay

they are conjg if we can find gEG such that

ggigi 92

This defines an equivalent relation on G whichpartitions

G into conjugate1 classes that is

GgYg9hght
heal

Here G is the set of all nonequivalent
classes

We can construct a basis for G by C G

for lg EC G we define

if handg are conjugate

fg h 9 otherwise

Exercise fgg g acca will form a basis for H

and hence dimaH
C G the numberof

nonequivalent conjugate
classes



On the other hand we show

T WE Irr la form an
orthonormal basis f

H
This implies the numberof non isomorphic

irreducible pns

dime H
the numberof nonequivalent conjugate
classes of G

orem xw̅ WE Irr G forms an
orthonormal basis for t

roposition Let f G G be a class funtion
and TV

be a repnof G
Then we can define a linear map

Nfl 磊flglTlg
V V

If V is
irreducible and dimaV n then T If ⼊Idv

and ⼊ 兴 ㄑ fl x ̅ Here X is the characterof V

Note if TV T V1 ⽯V2 then Tf T f1 ⽯15

Proof We first show that 不 f is an intertwining operator



orheh T h Nfl丌 h Tlhl ⽼ f 9丌9
T h

忘 f g nlhght

忘flhgh
ilhgh

新 f g 不19 T If

Sime V is irreducible then Nfl ⼊Idv by Schur's Lemma

Then ⼊⼆ 六 trlilfl 六 trl不f19丌9

⼆ 六 f19 trli191

⽅⾔ f19 9 441x ̅ ⼝

roofof Theorem By prenow's
lectures we know

T WE Irr la ae orthonormal

So it suffices t show they generate H

Proofby contradiction Suppose not Then we can find

toEH such that fol T o for all WEIrrla



This is because ㄑ 17 is an inner form on H and hence

we can consider the orthogonal decomposition

Let pWI be an
irreducible repn of G we consider

Plf W W
We know p f tw̅kflxw̅ 0

Theefoe p f is ahiays the zero map

Next we consider R G a

Sime R 4 a ggdimw.lp.IN

R f 蝱gdimw.plf 0

By definition 0 R f e f f191R197 e

忘 f1919e 忘 fig g

This forces f19 0 for all g EG


