
 

Recall in the last lecture we showed thee are finitely

many non isomorphic irreducible repns

Denote by Irr G the number of non isomorphic irred

repns of the group G

Goal Irr G the numberof inequivalent
conjugate classes of G

To show this we introduce the vector spareof classfh

H f G G f19gzgil f192 for all 9i.ge

Wecanshow dimcH the numberof inequivalent
conjugate classes of G

On the other
hand for p.W E Irr G denotebyXw

its character

Then
T WE Irr a I Hand is an

orthonormal set wrt 1

Therefore it suffices to show

H span
a

T WE Irr G



Last Time

Proposition Let f G G be a class funtion
and TV

be a repnof G
Then we can define a linear map

Nfl 磊flglTlg
V V

1If IV T V1 ⽯V2 then Tf T f It⽯15

If V is
irreducible and dimaV n then Tlflt⼊ It

and ⼊ 兴 ㄑ fl x ̅ Here X is the characterof V

Theorem Xw̅ WE Irr all spans H and hence

xw̅ WE Irr G is an orthormal basis forH

ProofPy contradiction.i Suppose
not Then we can find

toEH such that fol T o for all WEIrrla

Let pWI be an
irreducible repn of G we consider

Plf W W
We know p f tw̅kflxn Idw 0



Theefoe p f is ahiays the zero map

Next we consider R G a

Sime R 4 a ggdimw.lp.IN

R f 蝱gdimw.plf 0

By definition 0 R f e f f191R197 e

忘 f1919e 忘 fig g

This forces f19 0 for all g EG

This completes the proof

IrrlG of inequivalent conjugate classes ofG

We set both to be h XwWE Irrla x Xnj

Corollary Let gEG
and clg the numberof elements

in the conjugate class g

111 点 xilgxilgl e.tn



121 If g is not conjugate to g
then

I Xilglxi 0

g is conjugate h8
E Hroof Let fg 97 吉

otherwise

xw̅ WE Irr G 了 is an
orthonormal basis

Xw WE Irr G is an
orthonormal basis

f.gg⼆点 di Xi

fin1 i ⼊ilxilxj dj

⼊j fnlxj 击去fggli为
191
⼀

⼆ 击击gfg 9 Xjlit

⼆ 器 xī

fig Éxixi 器Éxiixi
h



IThen 1 fig 8 ㄐ i Xilglt Xilg
a If g is not conjugate log

0 fig g Y I Xilixilg

ixixicg 0 点 Xilglxiio
⽇

IdimrepnssTILetc.be
a finitegroup Define the

comnmtto_r_ofGIG.cn
ghgtlht g heG

Cheek21 a G a G

121 Gfha.az
is an abelian group

roposition Let f G G be a group homomorphism

and G is an abelian group Then f factors
through a G that is we can find

F Gka.az G smh that



a t.ci

点⼀
Proof For g EG set F g GG f g

Weonly need to show f is well defined

Suppose that gig E G G gig2 ghgtht

I9 9 97 f19 f g.GG f192

f gig flghgtht f g f h f g 71hi
⼆ e

sine G is an abelian group A

Remark This is equivalent
to say

If f G 4 and G is abelian then GG kerlf

Next let G be a group and T
V an 1 dim repn

of G This is always
irreducible

Furthermore let X be its character
Then we can

identify



T G GLila
ㄨ

g i g

Notice that CX is an abelian group
Then

G G Ker n

Icut There is an one to one correspondence

I dim rep

of a
irreducibkrepnofaka.gl

Gta a is an abelian group IrrlGka.az GkaGjl

I dim repn of G 14a.az

Exanple LetG S3 DetermineIrr S3

lIl The conjugate classes of S3

S3 elㄩ 12 131셈 123 ㄩ 123 132

Irr153 3

121 53셈 53 e 1123 1132 and Sks s ⽼
of I dim repns of 53 2



Proof 53셈 53 053 1 s s 1 1셈 2셈 3셈 6

S3 is Ian abelian group 1 Ss53 1 1셈 2셈 3

12 13 12 113I 12 113 12 13 123

123 E Ss 53 311 s s 1 s s 3

53셈 53 e 123 132

Then Sks s hasorder 2 S3
s s 222

131 Recall 1531 6

6 Iiijun
n 2

Ss has 2 1 dim irreducible rep

ns.I2dimirredeuiblerepns

141 Recall the standard repn of S3
std

3

We know std 3 T vi 不 V2

irbiheduible.uithd.im
V1 I ns the trivial repn

dimV2 3 1 2 the 2 dim repn

Character Table for S3



i

1⼀

2 dim

For
V2 5pancf

T.li2 e ez ez.es ez e e es

erez ez.es
⼀

12 1 1 0

T1123 e ez ez.es ez e3 es e

e.es ez es

X2 123 1

For Xsgn we use the 2nd orthogonality relation

I Xtr 12 t IXsgn112 ⼗2X 12 0 Xsgn 12 1



I.Xtr1123 1 Xsgn1123 2或2 123 0 Xsgn 123 1

Remark We find Xsgn by orthogonality relations

However what is Sgn repn

Indeed sgn 53
ㄨ

o 1 sgn10

if o is an even permutation

Sgn 0 1 if o is an odd permutation

Useful results for finding charater table

Ist orthogonality relation

亦忘 Xi9 为19T S x.x

2nd orthogonality oelation

Ě Asl IT
1 SISI t


