
 

Let 9 1 be an integer

efinition An comp⽐ valued function X Z G

is a Dirichletchar modnhsqnn.it

I Complety multiplicative X mn Xlmlxln for any
min2

21 PeriodicityI Xlat9 X la for any at Z

队 a 9
0 if godla 91s I
0 if g id la 91 1

Example I For any q I we define

Iqlnl 9吉
if n9 1
otherwise

This is a Dirichlet
character Wecall it the

principalshasarter lnodql

121 We define x n 91
if n三 1 mod4

1 if n 3 mod4
l o if n even

This is a Dirichlet character
mod 4



Next denote by 492 9ō T
t
unitsin 492

and 2 2Y ā E 292 a 9 11
Eulertotientfunt.ion

492Y is an abelian group Set 419 492
X

roposition
The following statements

are equivalent

111 G is an abelian group

2 All irreducible repns of Gae I dim

Proof of Sketch G is abelian CG theorderof

GoutChinese Remainder Theorem Suppose that m m.ms

and m m2 1 Then

⼭ 4m.ms2 不2 x 2

211 2hm 2
ㄨ

2h2

Observation There is a bijection between

irreducible repns

ix
然噩dining

Dirichlet chutes

of 492
modulo

q



The first bijection is obvious as 2Y is an abeliangrong

Next we construt the second bijection explicitly

Let x ̅ be a character of an irreducible repn of 492
Then we define for any nE2 and n91 1 n E 2192

n
In it

ng.IOif n9 71

Claimi X is a Dirichlet
character modg

11 Completely multiplicative mn Xm X n iflmn.gl

0 X mn Xm X n if lmn.gs

121 Periodicity atg ā Xlatq x a

B i X n 0 if In9171 by definition

Conversely let X be a Dirichlet character
mod
g

We set x ̅ 4921an x n
This is well defined by the periodicity



By the completely multiplicative property x ̅ is a I dim

vepn of 2 92 and we can identify it with its

chateeniuiiiiiiuii.it
We define the following function ǎ 9 n a

In a modg n 9
1 if na mod

gootherwise

This is a function with periodicity q
We can also restrict In三almodq lo 492

denoted by In三almodgl
This automatically becomes a class funtion on 2

Class funtion funtion
when G is abelian

Denote by I Tig the irreducible characters

of 492Y This is a basis for class funtions

Inalmodgl
⼆ 进⼊ ixi
i 1

with



⼊i Īnamlodgl IT

亦赢īneanodq g 不 g

⼀

⼆亦 xilai

Inanndgnǚ T 不

Then we lift it to Z and we conclude

1In almodgitktlxilnxiqtl
He.esXi 1 i 419 are Dirichlet charentes modg

7opertiesofDirichletcharantes.io

position Il If X is a Dirichlet character modg
so will x ̅

121If Xi X2 are Dirichletcharacters modq

so will XiX2



Next let 91192 then re have

p 雅
2
9셈 2 ncmodql.sn modq

This implies let x ̅ be a Dirichlet character mod9
we can construct a Dirichlet

charater mod 92

4922 上749셈 2

⼊感
In this case X1 Iqz
Here Iq.is the

principal character mod q2

Definition Let Xlmodql be a Dirichletcharantee.iq9

111If we can find qilq
and X modq such that

X 192

we say X is an mmitivge character

21 Otherwise X is a imtivke character and we

call q its conductor



Definition Let x modg be a Dirichlet charater

I X is a conga character if 犴 x ̅
121 X is a re character if X x ̅

In this case X only takes value 1셈 0

jiinhitYYAntnaitiiieticfuntio.is a funtionf 2 G

Definition An arithmetic funtion f is

I multipl flmn fmfin when m n 1

21 compeymnltipliatiens iffmnt.fmfin any mint区

Note completely multiplicative
multiplicative

Example 11 Xlmodgl is a
Dirichlet charater completely multiplicative

121 Euler totientfuntion multiplicative

not completely multiplicative

131 Inamodq n
not multiplicative

not completely multiplicative



Question Why multiplicative funtions

Answer The study of multiplicative funtionso.be
reduced

to its values at prime powers

Let f be multiplicative n P Pir

f pi Pir f P f P

Furthermore the study of compktly multiplicative
functions

can be reduced to its values at primes

Let f be completely multiplicative n pin.pt

f pi pir ftp.l flpr


