
 

Somenotatnst

Let f x and gal be two functions
and g x 0

We write f 0 g or fㄨ g x if
there exists a constant C smh that

Ifall Cg x
We write fxkosgal if he影 0

Dirichlet's Theorem Let a 9 be integers
and aq 1

Then there are infinitely many primes in AP

a atq atzq.at3q

Definition Let Ximodq be a Dirichlet character

Fr s I we define DirichletL

fl.isX 朚 管
Proposition lrove Later

111 When s 1 Lis X is absolutely convergent



21 When so I we have the Euler product expansion

L Is X 1 1 䂟
1

where the infinite produst is over all primes p

Next we take log of Lis and we expect

log Lis X 6g ⽇ 1⼀ ⼆ 下的嘉
Proposition

ProveLater log È Z 01121 if lzki

This implies

snnn.fi iii䈘⼤
Let p be a prime in fa atq atzq 了

Then p三 a lmodq
Therefore if we can show

品 赢市 的



we complete the proof of Dirichlet's Theorem

We again introduce

InEalnudq n 结
it n anodg
otherwise

and we showed

Ineamodg tigxlaix
Therefore
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Proposition Prove Later

111 For Iq slimythis Iq is shiniogLls is

21 For XIq.LI I ⼊ 0 hsimiogl.isX
bonded

1
This is the most difficult pant

This will finally shows hint Tmdg六⼆ ⼝ ⼝

Key ingredients

111 The absolute convergence of an infinite
series product

2 What is the log function for complex numbers

131 How to show LII X to when Iq
We will discuss II and 2 in Pant I

and 13 in Part亚



Infinite series

Let an be an infiniteseries Denoteby

Sn ak its nth partial sum

Definition An infinite series is convgifnhin.sn exists

Definition An infinite series is absdutlycog if
lanl is convergent for lakn

We can generalize this to a series of functions

Let fnlx be an infinite series of fontions
domain I

Definition fnlxlisanvegee_nt_ifforeaehXEI.it
s nthpaitial is convergent

Definition fnlx is absolutelycog if

Ifn x is convergent for all XEI

Ifn x ko



Example Lis X
ㄟ

When s I Les X is absolutely convergent

of It suffices t show hku fangs 1
Notice that lxnlk91셈 0 nl 市

By p seria test I ⾚ is conveyat
when 571

Theefoe Lis X is absolutely convergent when s I ⼝

Riemann zeta funtion his 命 L s 卫⼯

roposition I shim1 2셈 1s 0

121 For Ksc2 3 s 0 六

Proof Observation In⽂dx is Sni如 dx

only prove In 和dx is
when nasntl.is

I



This shows In 和dx fn⽅dx ⽅ ntlnl
⼆⽅5

111 his is h其 dx

Si和dx 器 1呈 ⼆ 社

sh.is is shin吉 0

21 31s 1 吉 is E It Éf 和dx
It liksdx It 䞑

When sc2 I 在
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Infinite product

Let San be a sequence
and we want t study

the infinite produtt an



Set Pn 1 an nth partial product

Definition An infinite
produntisconver_getifnhim.Pnexists

7iopositioni.se If inn is absolutely convergent
and an 1

for all n Then the infinite produt

品 六
is convergent

Moreover the produt is non zero


