
 

Recall let X nodg be a real
Dirichlet character and Iq

If L11 X 0 then Dirichlet's Theorem is valid

In this class we will introduce some fundamental results

for real Dirichlet characters

In this class we always assume that X is nonprincipal

Observation suppose
that xnodgl is an imprimitive

chanter

Then we can find a primitive character x modq st

9'19 and Tx Iq
In this case we have

Lis X Lls X 品
t 普

This implies

LII x to if and only if L12 x7 to

Therefore our goal becomes

for any real primitive
character X nonprincipal LII



Question How to construct real primitive characters

业 Using the quadratic symbols

Definition Let niq be two integers
We say

I nisaqnadraticresiduemodqe
s_lQRlifxEnlmodqlhasasolution.in

2

2 n is a qnadraticnonresiduew NR if
x 三 n modg has no solution in 492Y

out Fix the modulous P anodd prime in 12

QR QR QR QR.NR NR NR.NR QR

Observation QR behaves lik 1

NR behaves like 1

Definition Let p be an
oddprime We define the

Legendre_symb.li for n E2

i 91
it n is a QR

I if n is a

NR.oifln.pl1



1

The Fact above implies

㕺 吕 for any min EZ

Theorem Quadratic Reciprocity Law let pbe an
oddprime

山 1 I 11
if p三 I mod41

1 if P三3 mod4

if PEI 7 mod8121 信 1 1 等 二

佳 if p三 3， 5 mod8

131 Let Pqbetuooddprin.es

1号 告 1
生

号1.1 1 if P三3hod4 9 三3dnod4

This can help to calculate 卡 for any n E2

Finally it is easy t
cheek for any nE Z

咔 卡



This shows

Pg Let p 3 be an odd prime Then

XpIn 告
defines a real character Moreover this is primitive

Icut Let p 3 be an odd prime and X is a real

primitive character
mod p

Then n 1 and X Xp
Question How about real primitive

characters mod 2

Ans Faut There are 3 real pinitive characterCmod 2

if n三 1 mod4
4 mod4 X 4 n 9

if n三3 mod4

8 mod8 Xg n 9I if
n三1， 7lmod8

1 if n三 3， 5 fmod8

8
mod8 Xg X4X8

9
1 if n三1， 3 mod8

1 if n三 5， 7 mod8



二cut Let Xlmodgl be a primitive character

Suppose that 9 9192 and 9 92 1

Then we can find primitive characters X nodg
and X2 mod92 suh that X_X

this implies

Theorem Every real primitive
character is a podutof

4 Xs Xp P 3 prime

Next we want to find a better notation for real

primitive characters pisitive

Definition i Let m pi Pi be an odd integer
and nt Z

We define the Jarobish
i 二 卡 卡

Cheek 1 n 卡

21 前 兵

131 州 n



theorem Quadratic Reciprocity Law Let m be an odd integer

if nn三 I lmod4
11 青 9 if n三3 mod4

if m三 I 7 lmod821 言 9 if m三 3， 5 mod8

131 Let m n be odd positive integers

品 哥 1

Finally we define the koecb_symboli.fr u I

for m u 20 pi Per and n E2

品 是
9

ii
Here in 1

121 呈 徍 if no

if n 0

小 1 二

侱 ǐn燕照
We set if n 1

otherwise



Warning The popery of the Kronecker symbol is not as

good as that of previous symbols Please be careful

when you try to use it

Definition An integer D is a findamentald_iscrimina.tn

if in DEI mod 4 and D is squarefree

or 21 D 4d d 2， 31mod4 and dis squarefree

Theorem Let X be a real primitive character

Then we can find a fundamental discriminant D

suh that

n 卡 Kroneckersymbol

Later we will use the notation Xp for it

The conductor of XD is 1171

Remark When n is an odd positive integer

The Kronecker symbol 只 and the Jacobi symbol

只 are the same

Theorem Let X be a real primitive character mod Dl



Then D X1 1 1Dl is a fundamental discriminant and

for anyodd integer n

n 卡 Jacobi symbol


