
 

Let R be a commutative ring nith identity 1

Definition A ring R is Noetheriannn if everyideal is finitly
generated

Droposition TFA E

⼩ A is Noetherian

121 Every ascending
chain of ideals

21 22 23

enventrally becomes constant ie for some n 2n 2n_n

131 Let S b a nonempty setof ideals
Then S

contains a maximal elemamt.ie we can find an

ideal not properly contained in anyother ideal in S

of II 2 Assurethat we have a chain

2 22 2s

Set a Li Qi
This is an ideal

A is Noetherian 2 is finitely generated by x Xn

Then we can find ⼏ I smh that Xi Xm Qn

This means 2 2n and hence 2 2n 2n1 2utz



21 131 Suppose not let 2 ES

a is not maximal Can find 22 s.t 21个 22

22 is not max't can find 23 st 2nF 23

Then we can find an ascending chain

2 ⻋ 21 千 名千 24
and this will never become constant A contradiction

31 II Let as A be an ideal

S finitely generated ideals a

S is nonempty as zero ideal ES

Then S has a maximal element 2

Claim 2 2

Proof i Suppose not Then 2千 2 and chooe X 2

21Then 2 x is finitely generated

2 X ES and 2 a x

A contradiction to that ⼜ is maximal

⼜ 2 2 finitelygeneated 2 is finitely generated

Example Eulidean domain PID Noetherian ring



Definition A cleft Rmo_d.nl M is anabelian group with

an operation RxM M i rm1 1 lrm satisfying

I rirz m r r2 m r r ER m EM

121 I m m

131 ritrz m ry.mtrz.im r m tmz

r.mitr.mzri.rsr ER mymomEM

Remark We can always view R as a R module

Definition Let M be a Rmodule M'EM is a R

subif.IMis a subgroupof M

121 for any r ER and m'EM r.m'EM

Remark When consider Ras R module the sub
modules are ideals

Let M'EM be a submode Then we can define the

quotient
module let m me EM

min me iff mi mz EM

This is an equivalent relation on M and



IMM 9 m equivalent classes under n

Cheek This is a R module via

r m r.m

This is well defined sime R.M EM

Definition Let M and N be tuo R module A homomoh

M N is a group
homomorphism satisfying

r.m r.co m forrERandmEM
2emark We can also formulate the module homomorphism

theorems

Example Let M'EM be a R snbnod.la Then

Tn M
M M m H m

is a R module homomorphism

Let M be a R module and SEM a subset

We can construct a R submodule generated by S

spanks Ʃri.si finite sum riER Si ES了

Chak This is a submodule of R



Definition A R module M is finitlygeratedrnre if
we can find SEM with Sao and M spankS

Question Let M be a finitely generated R module

Will its submodules finitely generated

It Generally this is not true

This is true for finiey generated R module

with R being Noetherian

efinition An R module if Noeth if every submodule
is finitely generated

Exercise Let M be a R module TFAE

⼩ M is Noetherian

2 Every ascending chainof submodules eventuallybecome

constant

131 Every nonempty set of submodules has a maximal

element



Joposition Let M be a R
module Suppose that MEM

is a R submodule such that both M and MIMI

are Netherian M is Noetherian

Lemma Let M Mz be R
srbnodules of M

Suppose that M.AM MzMM'andTuilMi TuiMz

ThenMI

M21hofOnly needtoshow Mi Mz Take mit Mz

Then T M T M2 can find Mi EM such that

M M2EM

Mi EM2 mi mz EM2 M ⼀MzEM'AMz

M'AM2 M'AM2 Mi M2 EM mzEM

ofof het.ME Mz M3 E M4 be

an ascending
chain of submodules

Then we have

⼩ Min M MIAM Ms n M

is ascending chain of submodules in M

M Neotherian can find ns.t



Mn AM MntlA M Mntz AM

21 TIMMi TMI Mz E TM1 M3

is an ascending chain of submodules in
M M

M M Noetherian can find m s t

Tmi Mm Tmi Mmtl

Next take l max m n Then

Men M MetA M Metz A M

Tm Me TM Met Tm'IMet2

Me Metl Metz

By the lemma
Me Metl Metz

This shows that the ascending
chain will become constant ⼝

roposition Let M be a finitely generated
R module

with R being Noetherian Then M is Noetherian

Proof Induction on
the minimal of generators of M

Step I Suppose that M is geneated by one element x

Then M r.x r E R

We con constnut a surjective
module homomorphism



1

R M
r rx

Then M is isomorphic to Ryker as R module

Set M 7 Rl
Let M'EM be a R snbmodule

Then In is

an ideal in Rlg
R Noetherian Rlg is Noetherian

M finitely generated M is Noetherian

Step I Let M be a finitely generated R
module with

minimal of generators n

Then we find a submodule M generatedby n 1 elements

and Mlm generated by 1 elements

Induction hypothesis M Noetherian Mhi Noetheria

M Noetherian ⼝


