
 

Definition A mimbrf F is a field satisfying

F Q dimQFc.co

Denoteby 2 x the one variable polynomials with coefficients

in Z

Definition A polynomial f x E2区7 is mom if

f x X ta x t antX tan a ant 2

Definition Let F be a number field
αEFisanalgebraicintger_ifwecenfindamonicfaIEZEJst.fiα

0

Denote by OF the set of all algebraic integers called

ringofintegers.net

Theorem Of is an integral domain

Remark OF EF Therefore it suffices toshow OF is a ring

Proposition TFAE

I αE F is an algebraic integer

121 Thee exists a finitely generated Z
module ME Fst



αMEM

Proof I 2 α is an algebais integer We can find

f x X ta X t antxtaost.fiα 0

We consider finitely generated Z module

Z x Span291 α α2 α

Necan show α.ZTx 2 α

It suffices t show α 1 α α2 α Z α

Theonly nontrivialone is α.α α a α a

E ZEa
E
module

121 I Mis finitely geneated We can find the generators

Xi Xm

αEM α x xm x Xm A
with A E Mmxm 2

The f 1 det x Im A the characteristic polynomial

f x E Z x and monis by Laplacianexpansion

Then f A O zero matrix

On the other hand



f α x Xm x xm f A x 0
10 0

This will force f α 0

roofof Theorem It suffices toshow for α βEOF

thenα⼗βEOF and αβEOF

αE OF can find a finitely generated Z module M F

sit αMEM

βE OF can find a finitely generated Z
module N F

Sit βN N

Set MN Ʃ mini finite sums miEM ni EN

Cheuk MN is a finitely generated Z module E F

Then αβ MN αM βN M N

α⼗β1MN αMN⼗ M βN eMN

This implies α β and αβ are integral over Z

Denote by Frau R the fieldof frontion for an

integral domain R



Droposition Let F be a number field
Then

Frae OF F

了roof OF EF FranOF E F It suffices toshow FEFrallf

Tate x EF IFQkcs Then we can gal E Q区

such that g x 0

We write ga x tax antX tan

with a an EQ Write Gi⼆是 ri.si EZ

Set d l.cm so s sn E2 Sik1

g1α 0 α a antti antαtan 0

Multiplyby d

da aid da antd da t and 0

aid asd anid and EZ

da E OF αE Fran OF

Let R be an integral domain and FranR its field ffrations

Take α Frae R



Definition α is grad over R if we can find nomic

f x E R x such that f α 0

Denoteby R the set of all integral elements overR

is Frail R

Definition An integral
domain is intgrallycloadnnn if

R R that is

αE FrandR and α integral over R αER

noposition Let R be a UFD
Then R is integrallyclosed

Proof Tahexe FrauR
and α is integral over R

Then we have

α ta αntt antxt an 0 a an ER

α Frau R α 告 for a bER

告α a 告 an11 tan o

at a antbtnantabtanb 0

R is a UFD we can assure that for every
prime element plb.pt a



Suppose that such a prime exists then

Pla a b anb and plo
This will force plaX A contradiction

Therefore b is a unit in R and α 台 ER

Corollary 2 is integrally closed In other words

0Q Z

roposition Let F
be a numberfield and LF Q 2

Then we can find a squarefree integer d such that

F Q la
Proof Take αE F Q F Q7 2

and IF Q F Q α Q a QJ F Q α

On the otherhand F Q 2 we a find

fx X2taxtba.beQ s t f x 0

Then α ttfē Set Deb 4ac.EQ

Then F Q TD

Then F Q B Q B with DEZ



This is because if D 兴 then B

Q1 Q 哥 Q 六 Tmn Q n

Next foreach integer D we can write

D Did with d squarefree

Q D Q EDTI Q D Tak QI Ta ⼝

Observation if dis squarefree then d三1셈 2셈 3mod4

roposition For F Q a

Oaca 92597
if d三2셈 3mod4

Z T if d三 I mod4

Notice in this case 2 a span291α1

at bx a b E2了

Definition For α atbid EQ a we define

x ̅ a bid

Tr1α α x ̅ and Nia αx ̅

Cheek ITrk N α E Q



Indeed Tr α atbid a bid 2a E Q

N x at ba a bra a db2EQ

121 If α E OF so will x ̅

Observation Z a OQla

roofof Prop Let α at bid E Oana

Then x ̅ is an algebaic integer

Tr α Oaa and NK E COQNa

On the other hand Trix N x E Q

Therefore Trix N x E 2 since Z is integrallyclosed

Thisimplies Trk 2a E 2 N α a之 db E2

2a EZ a is an integer or a half integer

Case I a is an integer a db EZ db 2

This will force
bEZsinedissquanef_ree.CI
f b兴 with n

I then pln for some prime

db d是 E2 pld A contradiction



Case I a 是 a half integer We can assure that R
is odd

Then a _db ⼆ 是⼀ db EZ

n odd n三 1 mod4 db EZ

Write b 器
Similar to Case I if p 2 then pfm

m 2 otherwise b is an integer

and we never have 本 db'EZ
This also forces m to be an odd integer

Therefore b 等 with m odd

Case It Cae I implies αEOQ.la α it Ǐia
with m n and MEn mod2

Then 2
川 me 2 tzā

Wehave Z a Qia 2 a
Next α at bid EZ 等 2IED

Then α 是 ti id with min being odd



⼆ 主⼗ iāt ⼗ i'ra
minodd a EZ Ira EOQwa

Theofore αE Qua if It id E Oaa
Sime we are choosing α randomly

Oara 9
2Eā7 it ⽣ Oaaa

2 等了 if 发dE Oaa

When d三 Ilmod4 i can show

f x X X tide2 x monic and

f tia 0

This shows Oaā Z THE

When d三2셈 3Cmod4

Recall αEOQa N a E2

N ⽣ fd 2 Ǐā Oavā



This sh
Qa 2 a


