
 

Definition An integral domain R is a Dedekind.li f

Il R is a Noetherian ring

121 R is an integrally closed

13 Every nonzero prime ideal is maximal

Question whydo we study
Dedekind domain

II We know Z ED PID VFD

However for a ring of integer Of it is not necessarily

a UFD

Canshow Of are always Dedekind domains

In a Dedekind domain the elements

are not necessarily factored but

the ideals vill always factor

Let F be a number field Then dimQ F F Q

Let x E F and we define a linear operator

Tx F F
y xy

Set Tr F Q x tr Tx NHQ 1 det 区



Notice that we are viewing F as a vector spareQ
Tx corresponds to nxn matricesk n IF Q

TrF Q x NFIQ IX EQ that isi

Tr FIQ NFIQ F Q

Moreover TrF a NHQ OF 2

Definition Let Vb avector spare
over some field F

A pang is a funtion I Vx V F

A biheur_f_o_rmB.is a pairing B Vx V F s.t

11 Blav.itbu V31 aBlu Us t bB V2 V3

121 B n avztbV3 a Blu v2 t b Blu v3

for a bE F and ViUs v3f V

Given a bilinear form B Vx V F and fix V E V

Ne obtain a liner funtion Bu V F
Hom V⽉

⼒
w 1 Blu w

Definition A bilinear form B kV F is nondegee

if Bu 0 v 0



Exercise Let B kV F be a nondegenerate bilinear form

Then for any basis u n.vn ofV we can find

another basis UT vi sit

if i jB ri V5 Sij 96

othenise.intLet F be a numberfield Then

F x F Q
x y TrFa xy

is a nondegenerate bilinear form

Theorem Let F be a numberfield
Then OF is a Dedekind

domain

Recall there are 3 conditions for a Dedekind domain

We will prove them in the following propositions

ropositioni Let F be a numberfield
Then OF is a

Noetherian ring

Proof I Wecan find a finitely generated Z module M

sit Of is a Z submodule of M

121 Use Il h prove the proposition



Il F is a numberfield F spanQ α an

with n F Q

Recall when showing FrailOF F we can find d E Z st

d Xi E OF
Notice F spanQ9dx dan

Therefore we can find β βn EOF
sit β βn is a basis for F a

By the fant we can find βt βrt a basis of F

Trlβiβ Sij
Claim OF M spanz β βi
Let βEOF sine βit βrt is a basis

β⼆ jiajpjiaje.IQ
It suffices to show

GjEZ.TF.IQβiβ Td a β

i aj Trialβi Gi



β BiEOF TFla βiβ E2 ai E2

21 Let a OF be an ideal 0 EM as a Z submodule

Then we canalsoview⼜ as a 2 submodule of M

Mis finitely generated⼗ Z P.I.D M is a Neothaian
module

2 is a finitely geneated Z
module

2 is a finitely geneated ideal

⽯position OF is integrally closed

Proof Let αE Fran OF F Suppose that

we can find monic fa EOf区7 st f x 0

Need to show α OF

Write fax X tay X t antxt an Gi EOF

spy a an is a finitlygeneatedZ

modnle.fiα0 spanz.la an α is finitely generated

spanz a an module



2 x spanz la an
finitely

gereatedlspanzla.inan
finitey geneted

9蕊
之

Therefore Z a is finitely geneated as 2 module

and α is an algebraic integer αE OF A

Droposition EveryTime ideal in OF is a max'l ideal

Proof Let p OF be a prime
ideal

Set I p12 This is an ideal of Z

Next tabex.ge2 Xy EI xyep

P a prime ideal either X o r y e P 业
either x or y in I I is a pineideal

Thenfoe PAZ p for some prime number

Note PAZ is a nonzero ideal in Z tabe yEP OF
can find y ayntt ano with ai EZ anto

yep an EP12 pA2 401

This shows for n E2 OF the image of n in

OF p is identified to Zap



Let α OF and x ̅ E OFA

αE OF α ta αnttazxh an 0 aif2

modp x ̅ aiānttāan an o āity
x ̅ is an algebaic number in 都1

This means for any x ̅ EOFp x ̅ is algebraic over

a field Zhpl OFp is a field p is
maximal

⽇

Exercise Let F be a field Ran integral domain and

FER Suppose that for any αER α is

algebraic over F that is can find

fcxIEFTXJst.fiα0

Then R is a field


