
 

Exercise Let B kV F be a nondegenerate bilinear form

Thenforany basis V1 un of V we can find
another basis ut vi sit

if i jB ri V5 Sij 96

othenise.intLet F be a numberfield Then

F x F Q
x y TrFa xy

is a nondegenerate bilinear form

Theorem Let F be a numberfield
Then OF is a Dedekind

domain

Recall there are 3 conditions for a Dedekind domain

We will prove them in the following propositions

ropositioni Let F be a numberfield
Then OF is a

Noetherian ring

Proof I Wecan find a finitely generated Z module M

sit Of is a Z submodule of M

121 Use Il h prove the proposition



Il F is a numberfield F spanQ α an

with n F Q

Recall when showing FrailOF F we can find d E Z st

d Xi E OF
Notice F spanQ9dx dan

Therefore we can find β βn EOF
sit β βn is a basis for F a

By the fant we can find βt βrt a basis of F

Trlβiβ Sij
Claim OF M spanz β βi
Let βEOF sine βit βrt is a basis

β⼆ jiajpjiaje.IQ
It suffices to show

GjEZ.TF.IQβiβ Td a β

i aj Trialβi Gi



β BiEOF TFla βiβ E2 ai E2

21 Let a OF be an ideal 0 EM as a Z submodule

Then we canalsoview⼜ as a 2 submodule of M

Mis finitely generated⼗ Z P.I.D M is a Neothaian
module

2 is a finitely geneated Z
module

2 is a finitely geneated ideal

⽯position OF is integrally closed

Proof Let αE Fran OF F Suppose that

we can find monic fa EOf区7 st f x 0

Need to show α OF

Write fax X tay X t antxt an Gi EOF

spy a an is a finitlygeneatedZ

modnle.fiα0 spanz.la an α is finitely generated

spanz a an module



2 x spanz la an
finitely

gereatedlspanzla.inan
finitey geneted

9蕊
之

Therefore Z a is finitely geneated as 2 module

and α is an algebraic integer αE OF A

Droposition EveryTime ideal in OF is a max'l ideal

Proof Let p OF be a prime
ideal

Set I p12 This is an ideal of Z

Next tabex.ge2 Xy EI xyep

P a prime ideal either X o r y e P 业
either x or y in I I is a pineideal

Thenfoe PAZ p for some prime number

Note PAZ is a nonzero ideal in Z tabe yEP OF
can find y ayntt ano with ai EZ anto

yep an EP12 pA2 401

This shows for n E2 OF the image of n in

OF p is identified to Zap



Let α OF and x ̅ E OFA

αE OF α ta αnttazxh an 0 aif2

modp x ̅ aiānttāan an o āity
x ̅ is an algebaic number in 都1

This means for any x ̅ EOFp x ̅ is algebraic over

a field Zhpl OFp is a field p is
maximal

⽇

Lemma Let F be a field Ran integral domain and

FER Suppose that for any αER α is

algebraic over F that is can find

fcxIEFTXJst.fiα0

Then R is a field

Proof It suffices to show for any αEA α EA

Then A F x FI x

α algebraic over F

Thenfore α E A 17



Let R be a ring Let a 2z.be two ideals of R
Then we define

Qi ai 9I ai bi ai Ea bit22J

This is an ideal of R
Check I1 21.22 22.21

121 21 2.23 2i2u 23

131 2 R R 2 2

Theorem Let R be a Dedekind domain
Then for

any ideal a ER
2can be written as a product

of prime ideals that is

2 P Pz Pn Pi prime ideals

This decomposition is unique up
to permutation

Remark This will imply

2 P Ps Di distinct prime
ideal

Di and ri are uniquely determined



Definition A frartionalidealt ofFisafinitl.gg created

OF module òaro

Denoteby I F the set of all fractional ideals

Example For Ota e F we can define a fractional
ideal

a ra r E OFJ
Such fractional ideals will be called front

ionel principal ideal

Denote by P F the setof fractional principal
ideals

Then for M N E I F we can also define

M.N Ʃmini Mi EM ni EN E I F

Lemma Let ME I F a frantioral ideal Then

we can find d EOF st dM is an idealofO

Proof MEI F Mis finitely generated by xiixn

with Xi E F
Notice that F FrailOf we can find d EOf st

dxi E OF



Theefoe d ME OF
Misa Of module d M is an ideal ofOF

Let p be a prime
ideal We define

Pt x E F XP EOFJ E I F

Lemma PFP.pt OF Thisimplies P.pt OF

Proof show OFF Pt
We have OF pt as OFPEP OF

Take a Ep Then P a P Pr
Claim by arranging P Pr we can assure that

P Ep PFP simeOf is a Dedekind
domain

0thenise we ce find ai E Pi P
Then a ar EP A contradiction

a P Pz Pr Pz Pr

Moreover by the unique factorization

calf Pz Pr
Tabe be Pz Pr a betaOF

that is atb OF



However atbp at p Pr at lal Of

atb Ept
Suppose that P p P

Tate xEpt P is finitely gereated.by
xi xn

Then
x x Xn x Xn M

with M being a nxn matrices withcoefficients

in OF
Then taking f X det In X Ml fix1 0

This means X is integral over Of

OF integrally closed XEOF ptsOF
A contradiction

Doposition
⼩ I F is a abelian group

2 P F is a subgroup of I F

Proof Check ⼩ M N N M
21 Mi M M M iM2 Ms

131 M OF OF.M M

Therefore it suffices to find Mt for ME I F



Claim M x E F XMEOF
Let p be a prime ideal of Of Then PEI F

By definition p.pt OF
Lemma PFP.pt Prove later

Sime OF is a Dedekinddomainand p prime P ismai

This will force p.pt OF
Let a be an ideal Then 2 P Pn

Then a Pi Pi OF

Next we show 21 Pil Pnt

By the definitionof at Pi pi at
Then take XE 21 X2 OF

x2 Di pnte Pil Pnt

Sime a pi pi OF tate IE 2pi Pnt

x.IE Di ⼀⼀ Pnt
Let be a frantiond ideal

Then we can find

CEOFs.t.c.MEOF and CM is an
idealofOF

M c.MN OF



We can show c.M t C Mt
This implies MM OF

21 This is easy since c
t

c

Definition Let F be a
numberfield T class

group

H F I F
F

Theorem HIF is a finite abelian group

Set h F H F the class number


