
 

Recall Sh121 1 ad be 1 ab c d EZ

Two quadratic forms Q 1𨸏产 and Q2 ii
are quit if Q g Qzg for some gf52212

et Q x.y ax't bxytcy be a quadratic form

let n I be an integer Set

RQ nl y E2 Qcx.gl n

Rǎln y EZ Q x y n xy 1

Definition Let no 1 We say that nis represents by Q

if RQ n 0

Observation Let Q and Q2 be two equivalent

quadratic forms Then RQ n RQzlnl

Proof Qin Qz Q 1台 g gigQzg
We also have Q x y x9 iii 1

Q x.gl ㄨ的1



Then for n 1 we have a bijection

y RQ xy n y RQ2 x y nj
A ⼼ g

ni
thing 911 y

We only cheek A if ly t y Qlxig n

then 19 Q.ly
nNehaveQigQ.g sYg y Q2gly n

g ly E y Q2 x y n ⼝

Remark If Qin Q2 then RQT n Rain1

Lemma Every quàdrati form
is equivalent to some

quadratic form ab c with Ibl laklcl

Proof We start with Q a bo.co

Take a s.t.it RQla 1



121lal min Inl n to Rain 1了

Then we can find α βEZ sit

a Q α r a α't box rt Cor
Wecan assure α 1 1 thenwise gji is also

representable by Q and grp.ca
α1 r 1 then we can find β 8set α8 βf 1
In otherwords 1杀 esh12

Then we consider

Q.n Q iii Q s
cheek a α r Q a

Q a b c

Next we consider g E Sh 2
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Then b b'tzah

By choosing h properly we can make lbklal

Tahiy y 6 10 Q c

c is representable byQ Q Q'nQ
cis representolble by Q

By the choice of a lal kl
This proves Ibl lal lcl

Corollary Let d be a fundamental discriminant Then

there are only finitely many inequivalent quadratic forms

of discriminant d

Proof By the lemma the mumbenof such quadratic forms
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EQld then 4ac b2 d

4a 41alld lbptldl laptldl
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There are only finitely many choices for a b C

Q Idle co

Definition A quadratic form Q a b c is pie if
a b c 1

An equivalent classof quadratic forms is prime if
the class contains one primitive quadratic form

Faut If an equivalent class is primitive then

all quadratic forms in the class are primitive

Definition Let d be a fundamental discriminant

Then
inequivalent primitivepositivedefinite

classesof quadraticforms ck
h'd

inequivalent primitive indefinite
classes f quadratic forms do

Observation hld 1 since

I I ⼀本d 1 d三 I mod4

1셈 0 ⼀年d otherwise



This is called the prineipal ofdiscrini.at d

Class number formula

Let d be a fundamental discriminant
There thee is a

unique primitive nonprincipal
Dirichlet character Xdmlodld

Xd n Kronecker symbol

Then we have the Dirichlet L function Lls Xd s1

Lis xd 朚
ˋ
幾 ⼆磊管

In Pant I we showed Lls Xd is continuously differential

in 0 b Therefore LII Xd is well defined

Theorem Classnumber formula

If do LII Xd nthld

If d 0 L11 Xd 9th d
Here we信 箈

and
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is the minimal solution for x2 dy2 4

Remark Ne showed hd I This implies

LII Xd to for any real primitive characters

This proves Dirichlet's Theorem

or simplicity we will focus on the case

dco.decall let F beamber field and H F its

class group

Let F be a quadratic field Then we can find

a fundamental discrininatds.to F Qlrā

Then set ha H Qcrā

Theorem There is a bijection

inequivalent primitive
Positivedefinite

Classes of quadratic
fumidti.it

fractional ideals

mod principal fractionalideals

of discriminant d is in Qlā



This implies h d hd

Combine two theorems and we obtain

Theorem Classnumber formula

If dco LII Xd 恶hd

If d 0 L11 Xd 9 ha

⼩ hd 1 LII Xd 0

21 Lls Xd is continuous at s 1 L 1 Xd is bounded

hd is finite

This proves that H Q al is a finite group


