
 

Chapter7

In this lecture we study the decomposition

of integers which is known as the

fundamental theorem of arithmetic

Before the proof we need several lemmas

Lemma I Let p be a prime
and n an

arbitrary integer Then either

gid p n I or Pln

Proof We know that

gedlp.nl
P.Sinupisaprine

phasonly2divisosIcndp.Ifgcd
p n 1 this is the first case



If gid p n P then pln This

is the second case

Remark If we further assure that n is

a prine then either p n 1

or p n

Lemma2 7.1 Let p be a prime
number

Suppose that plan Then

either pla or p lb

Proof Assure that Pl lab

If pla then the proof is finished

If pta then 多 Lemma I gdp a 1

Then by the
theorem is last lecture

we can find r s smh that



pts a 1 gcd p a

Multiply the equation by b

rpbtsab
b.pl

p plab p rpbtsab b

Therefore if pta then plb

Theorem 7.2 Prime Divisibility Property

Let p be a prime Suppose

ttplla.azas ar

Then p divides
at least one of them

Proof We can write

aiaznar
a.laz.n.arlplaian.anu2pla.orpl

n.ar



If Pla

If ptai.pl az ar

Again we write aznar.az as ar

We can continue this process and

We can show p divides at least one

of a ⼀ ar ⼝

Theorem 17.3 the fundamental theoremof arithmeti

F every integer n
2 it can be factored

into a product of primes

n PiPz Pr

in exactly one way up to rearrangement



Remark ⼩ If n is a prine

n ⼏

121 We don't require that Pi be distinct

Indeed 12 2.2 3
P P2 P3

131 This decomposition factorization is unique if
we don't care about the order

12 2.2.3

2.3.2 treated as

⼆

3.2.2.1 t 熊
411To prove

the theorem we need to

show 2 things

Evey n 2 can be written as

the podut of primes
The fcntorization is unique



Pof We proof by the complete induction

P n n can be written as the podutof
primes

Step I P 2 This is obvious sime

2 2 2 is prime

ˊ

Step I Suppose that this is true for

P 2 P 3 P n

We look at Pint I

Weconsider two cases

If nt I is a prime then
the

fantoirization.int
I At I



If nt1 is not a prime then

we can write nt I a b

Notice 2 a n Pla is true

2 b b p b is true

Therefore a P Pr
b 9 9s

nt I a.b P Pr 9 9s

This is a podut of prints

By induction evey integer
n 2 can be

wi ten as the podntof primes

Next we show thee is only one way

Suppox that we can asme r s

n Pi Pz Pr



9192 9s

Weneed t show 5 S

After rearrangement we can show

P 9 P2 92 P3 93 Pr 9r

Indeed P n 9 9s

Then p divides one of q 9s

After vearragmet we assure P 1 9

P q.ae both prine Pil9 P 9

In this case

n Pi Pz Pr

⼆ 9192 9s I92 9s



Then we divide n by p

卡 Pz Pr

92 9s

We repeat this process
and we can

shou P2 92

Then we divide 卡 多 P2

品 ⼆ P3 Pr

93 9s

We repeat
this and finally

we show

p卡 I

9rtz 9s 9r1 951



Therefore r S ⼝

tere is another way
to demonstrate the

uniqueness we collect all the sane

primes together and write it in te

power form

Example 100 2.5 2.5

22 52

162 2 3.3.3.3

2 34

Theorem For any integer
n 2 n can

be fattored as

inP Pi Pir



with P Pr being distinct

This factorization is unique

Some applications

I The factorization of numhs give another

way to find god This may not

be efficient but useful

Example find god 700 36

7100 22.5 7 22.30.52.71

360 ⼆ 23.32.5 23.32.51.70
Find the smaller power
in each prime

ged1700셈 360
22 305170



22.5 20

Observation Let min be two integers

god m n 1 is equivalent to

min have no common primes



I A nesful lemma

Lemma Let min be integers smh that

ged m n 1 Then for any integers

α β god m nβ 1

Proof m P Pr

n 9β 9is

god m n 1 Ip Prl199 95

mα P
α ppr

nβ qp'β 98sβ

m nβ have no common primes

and hence god m n 1



1

I Poposition Let n be an integer and p

a prime Then we can find an integer

α 0 and an integer nA smh

that

nipαm
and god p m I

proof When ptn α 0 m n

When pln 多 the futoization

R Pi Pir
One of p Pr must be Pi say p

then α α m pi pir



We can show

gcd pm god p P2 P 1 ⼝

Definition Let n be an integerand p a

prime Then we can find α 0 and m

smh that ⼏⼆pm with p m 1

We write ordp n α

We also write pal In
read pα exactly divides n

Example 48 24.3
ordz 48 4

241148


