
 

In this leiture we prove Wilson's Theorem

Theorem Let p be a prime
number Theni

P I 三 1Cmodp

Example p 2 2 11 1 1 mod2

P 3 3 1 2 三 I mod3

P 5 15 1 24三 1 mod5

P 7 7 1 720三 1 mod7

efinition Let p be a prime and let a ESI 2 p 2

We define ā for at to bethe number

in 91셈 2 p IS satisfying

if aā 三 āa 三 1 mody

ā is called theinversesof a lmodp
Remark the choice of ā is dependenton

the moduhois.us Therefore sometimes

we write ālmodp



I

Example P7 a 5

53 3.5 1 mod7 ā 3 mod7

P 11 a 4

34 4.3三 I mod II ā 3 mod II

roposition For a 91셈 2 p.I ā always exists

and it is unique

Proof Existence We need to show for any af 91셈 2 jp 1

we can ā E 91셈 2 p I

Let a ETI 2 p1J Then godCa p I

Then we can find r s smh that

rat sp 1 This alsoshows gcdcr.pl 1

By Euclidean algorithm
we can find qandrosu

nhthortrq.pt ronithIkr.si
s I

substitute this into the previous equation

ro at Plqats 1



This shows roa aro 三 1 nodp
Uniqueness We need toshow if

a a a a三 I modp a e91 p

IJadaazazaEIlmodplaze91i p.IS
then a azlmodp

Suppose that aa 三 a a 三 1 modp a Eh p11
aaz 三 as a 三 1 kmodp aze仕 p1J

Then a la a 三 I 1 modp

ala.az 三ofmodp

a Eh p I god la p 1

Theequation becomes a 三 as modp

a a E 91 p I a as ⼝

Fant Let p fixed Then

⼩ I 1

121 PTI p 1 三 1Cmodp



131 For a E 91셈 2 p 1 ā a

Proof ⼩ I1 三 I lmodpl 1 I

121 P 1 P P 2Pt I 三 I modp

P.IT p I P 1 1 modp V

131 By definition

aā āa 三1modp

Therefore i

āa aā 三 I lmodp

Henu ā a



roofof Theorem Let aEfz p2J
Then by the uniqueness of ā and the Fact

ā E92 P2J

Then we write

P 1 1.2.3 P 3 P 2 p I

We leave the term I and the term p 1

For other terms we group it with its inverse

Then
1.2.3 P 3 P 2 P I

三 1 2 I P I

三 I P 1 三 P 1

三 1 modp ⼝


