
 

In this section we study the arithmetic functions

Definition An arithmeticfnnctiont isafu.netion defined over

integers ie.fi N 4

Example in The trivial function
I N 4

I n 1 for all n EN

21 The Euler's Phi function N 4

ml a 1 a m gidlam 1

13 The divisor function d N

dm Ya alm

41 The Mobius function Mi N C

Mm

r

if m P Pi Pr with Pidistinct

0 otherwise

Definition An arithmetic function f Nsc is mnltih

if f mn f m f n when god m n 1

An arithmetic function f N G is

completelynuilti ifflmnt.fmfin forallmn



Remark f completely multiplicative multiplicative

Infant ⼩ 卫 m is completely multiplicative

121 ml is multiplicative ns willshow later

but not completely multiplicative

clouter example 14 2 12 1

14 122 2 2

131dlml is multiplicative

but not completely multiplicative

clouter example d4 3 d12 2

d14 d 22 d 2 d 2

141 Mml is
compliative

but not completely multiplicative

outer example 4 2.2 22

M14 0 M 2 1

914 M 22 M12 M12



Notations

sum notation Ʃ
product notation ㄇ

example

fp
means find all primes divides n and

sum them

⾚
2 5 7

1
丽

1 means multiply all 1 whaepln

品
1 1 1

⼆ 专⾔ ⼆专



Question why the multiplicative functions
are important

II Let m P pi Pir with Pidistinct

Let f be multiplicative

Then
f m f Pip pir

f P f pi f P

ㄇm f p

f is totally determined y its values at prinep
Moreover if f is completely multiplicative

f m f P f P tlpr
αr

品mflp
α

f is totally determined by
its values at primes



First example Euler's Phi funtion

Theorem 11.1 Euler's Phi function formula

la If p is a prime and k 1 then

pk pk.pkt p 1⼀⽅

lb1 If gedcm.nl 1 then

1mn m

nl.clFor me pi'Pi Pir

m P pi Pi 1⼀⽅ 1

m
品 1

roofof c By a b

m P P Pǐ

P Pi Pi_pi Pirp洲

⼆ Pi ⼈刮 PI 1 Pi r



⼆

m.pl m
1 ⼝

roofof lal Let p be a prime
and k 1

lpk a ka.pk gcdla.pk IJ

pk 9a kaspkplalWecemshow
Ya ka pk plaJ fp 2p 3p 4p pktI p.pk

形a ka.ph play pkt

This implies

pk p
k pkt ⼝

Let god m n 1

A a 1 a mn gedla.mn 11 1mn A

B b kb m gedlb m 11 m B



C c kc n ged c n 11 n C

We need toshow mn m n ie

A B C

We look at the following set

kb m gedlb m 1
M bid

kc n g.dk n 1

Wecan show B C M

Therefore it suffices t show A M

Strategy we construct a

tiveLmapfro.imA to M

efimtion Let f A B be a map

fisinjaiv_eifflbikflbzl sbi.bz
of is surjective if for any beB we can

findTA smh that fa b

of is a bijection if f is both injective and surjective



Let A B be finite sets If there is a bijective

map f A B then A B

We construct the following map

f A M

a
1 a mn

gcdla.mn 1
b c

kb
mgidlbmFIkcsngidli.nl

1

ai s amodm a modn

We need to show f is both injective and surjective

injective Let a az EA with flat f a

we need to show ai.az

a modm a modn azlmodml.azmodn

a 三 azfmodm

a 三 as modn

gcdlm.nl 1 a 三 as mod mn



I a mn 1 a mn a az

surjective i let
b c EM then we can find aEA

smh that alnodm a modn b c

We look at the linear congruent equation

my c b mod n

ged m n 1 we can find y such that

my 三 c b modn

Set X my b
三bfmodm

X my tb 三 c btb mod n 三 Cmodn

Take a between 1 and mn such that

a三X mod mn

a 三 X modm b modm

a 三 x mod川三 C mod川 ⼝



roofof c We showed the mep between

A a kac.mn gedla.mn 11
and

M big
1 b m gedlbm 1
1 can ged e n 1

is bijective

Therefore A M

A mn

M B C 1mi n

mn ml n ⼝

The surjective part canbe generalized to the followig
theorem

Theorem 11.2 Chinese Remainder Theorem Let m n

be integers with god m
n 1 Let b c be integers

Then the simultaneous congruences

XE b modm X三 C modn

has exactly one solution with 0 x.mn


