
 

Recall
Theorem 20.2 Quadratic Residue Multiplication Rule Version I

Let p be an odd prime

⼩ The produt of two qndratic residues mod p is

a quadratic residue QR x QR QR

121 The produt of a quadratic residue and
a nonresidue

is a nonresidue QRXNR NR

131 The podut of two nonresidues mod
p is

a quadratic residue NRXNR QR

roof of ⼩ Let a b be QR modpl

Then xi 三 a modpl
Xi 三 blmodpl

This shows Xix 三 abhodp
ie x.X 三 abfmodp



Therefore x 三 ablmodpl has a solution

and ab is a QR fnodp

roof of 121 Let a be a QR

Then xi 三afmodp

Let b be a NR then X 三 blmodyl has no

solution

IProof by contradiction Suppose that ab is a

QR Then we can find Zo smh that

Zò 三 ablmodpl

Multiply x ̅ on each side

zòxi 三 abxilmodp
三 axi b modp

三 I b modp



This shows that b is a QR modp
A contradiction ⼝

roofof 队 Let a be a NR We look at

91 2 3 P 1J A

By the previous lentme thee are exactly

些 QR and 望 NR

Multiply al by a and modp

a modp 2 modpl P 21 modpl

This gives another complete hstofmub.es
modulo p land coprime top

Therefore there are exantly 竺 QR
and 些 NR



Let b E 91셈 2 p.I be a QR

Then ab is NR by 121

However there are only 些 NR after

the multiplication of a

Therefore the numbers left are QR

and This means i every
time we have

b as a NR ab is a QR
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Theorem Polynomial Roots Modp Theorem

Let p be a prime number and let

f x aoxdtaixdtt ad

be a polynomial of degree d 1 with

integer coefficients and with pta
Then the congruence

f X 三 0 fnodp

has at most d incongruent solutions

roof Proof by contradiction

Let
fx A o xd t A xdt ⼀ Ad Pt A

be a polynomial with dt1 solutions modp
incongruent



We can further assune that f x has

the smallest degree

Let V1 rz rdtl be the solutions

Then fix 三 flrillmodpll.ci d

f x fern Aoxdt A xdt Ad

Aorilt Azr dt Ad

Aolxd r.dltAzlxdt r.de

Note xnrn x r xnttx rt rn

fxl flril fx ril.gl x such that

1The degree of g ix is d I

gx B xdtt B xd Bdt



with pt B

glxlhasrz.rs rat as solutions

This contradicts that fkl has the smallest

degree

Proof of xd rid x n xdtt

This implies

gal Aoxdtt
This is degree d 1 and pt A

Proof of Let it 92셈 3 ⼀⼀ d

f ri f r 三 O_o lmodp

ri ri g ri 三 Ofmodpl

plrir or Pl g ri



ri is incongruent to rilnodp

pfri.ru
Therefore pl g ri and ri is a solution

for g x 三 0 modp


