
 

In this lecture we prove for p q being odd primes

步 1
器

Recall to find ⾔ we look at

21 2.2셈 2 3 2 当

Now let p be an
odd prime and a an integer

satisfying gedla p 1

We studyi set P 些

a I a 2 a 3 a I
modulo p between ⼀ and I

Define

Mla p
integers in the list a za 3a

Pay1that become negative
when integers

in the list are reducedmodulo p
into the interval ER I

Main Steps in the proof

111 Gauss criterion 1 Mail

121 Let pq be two primes
Then



Ma ll tMP9 三 笁 mod2

If we assume these two steps

是 1
919

1 1
MP9 9191 91셈 9

1
是望

This proves Quadratic Reciprocity

We first prove the step I Letpbe an oddprime and gcdla.pl 1

Lemma23.2 When the numbers a 2a 3a Pa are

reduced to the range I n I the reduced

values are 1 2 P is someorder with

each number appearigone with either at

or ⼀ sign

Proof For k 1셈 2 I we write

ka p.q ktrk with I rn I

Claim for it j ri rj

Proof by contradiction
Assume that itj but ri.rj



I
Then i a P.qi t r i

j a p.qj t j Pqjtri
i j a P qi g

Then plliila plij or pla
This is impossible sime i E 91셈 2 R

and gidlpa 1

Assune that for it j ri i
Then i a P.qi t r i

j a p.qj t j Pqj ri

citj a P q it g
Then plliita plij or pla 笁

This is impossible sime i E 91셈 2 R
and gidlpa 1

This means for it j rit rj
1 2 P P pairs

ri rz rp R numbers



This shows when reduced to the range EP I

a 2a 3a Pa will show up exactly onetime

in each pair 1 2 I ⼝

Theorem Gauss's Criterion Let p be an odd prime
and gcdla p I Then

1 1
Mlap

Proof By Euler's creterion 三 a些 modp

It suffices t show a当三 11M P modp
and use the fact that p is odd

We multiply all the numbers inthe list

a za 3a Pa

a 2a 3 a I a I a些

a ball3a 上 a 三 11M R md emma23.2

a些 I 三 1
Ma'P I modp

a当 三 1 Map
mod
p gdp p 1 ⼝



Ideaof Step Ii let p q be odd primes

In xy coordinate we look at the right triangle

T q p given by
ii

㳩

品
Question howmany integralpointst.inside the triangle

Here integral point means both x and y are integers

To answer this question we
introduce the floor function

For xER X the largest integer n with n x

Example L2.1J 2 L 13 2

L㓵 3 141 4

Answeri.se the numberof integral points in T q p



is I
On the other hand we consider another right triangle

TIP91

茫

Q
追可

⼀

Then the memberof integral points in TCP9

is ĚL㓵
Important

observation when we glue two right triangles

with the hypotenuse we get a rectangle

The total number of integral points should be
1 ˋ



Thate ⼆ 点 IL剖
Lemma23.3 Let p be an odd prime

and I 笁

Let a be an odd integer andulap as before

Then

点 L别三 Mlap mod2

If we assume this Lemma

三Mqp upq
mod2

This is the result of step I

Therefore we only need to prove
Lemma 23.2

roof of Lemma23.2 Fr I k I

ka qk.pt k with Park I

Divideby P we get

告 ⼆ 9kt 是 with 这是⽴



This implies kgj
9k if rk so

9k 1 if rkco

Note Mlap k rkcol
This give

器 ir Ma.pl

We want to show 击qk三 0mod2

Thisgives 器 三 0 Map
mod2

三 ula.pl mod2

To show Al we go back to

ka 9R.pt rk
We consider the equation modulo2 a p are odd

k三 9kt rn mod2

Sum theequations

È k 三 点 9ktÉrr mod2



For i E 91셈 2 IS i 三 i mod2

Then by Lemma 23.2
dirk

三 ⼟ 1 t ⼠ 2 P mod2

三 I 2 R mod2

三意 k mod2

Therefore Èqk 三olmod2 and i

点 L别 三 ula.pl mod2

三 Mla p mod2 ⼝


