
 

In this lecture we study for what primes p

P n't m
with n m being integers

Example 5 22 12 V

13 22 32

19 X

theorem Let p be a prime
Then p is a sumof

two squares exactly when

PEI mod4 or p 2

Remark 111 p 2 2 121 12

121 We can use the Theorem to
cheek the numbers

in the example

131 In the proof we will give an algorithm to

find n m smh that p n m when p三1 mod4

7roof By Remark 11 we only need to focus on

odd primes

We need to prove the following
two statements t



complete the proof

Statement I If p oddprime is a sum of two squares then

PEI Mod4

Statement I If p三 I mod4 p is a sumof two squares

Proofof statement I Let p be an odd prime
and

P n m with mine2

Then m 三 n2 modp m is a QR modp

That is 1号 1

On the other hand

⻘ 兴 1兴 部
⼆ ⼀

Therefore 芦 1 and PEI mod 4 ⼝

roofof Statement I
Methodof Descent

Idea suppose that we find A B2 Mp with M 1

then we can always find AitBi Mp with IsMicM

then we can find AitB Map with 1 MzcM.CM



wèiinue this process and we finally get

n

mEpnEPEIlm.cl41 1 We can find A KA p 1

sunh that A2三 1 modp Wecanassume Mt I
Otherwise the proofis

This gives A2 12 Mp finished

Claim Map since mA苦 H笇 cp

Forsome reason we write this as

A2 B Mp with Map

Step I find U V between ⼀坐 and是 smh t i
UEA mod M v三 B modM L

Then u2 V2三A2 B2 modM o modM

We write u v2 Mr

We can show 1 r M
i

r 州 ⺾ 是 M

We know 5 0 It suffices to show rto



Pofby contradiction If r 0 then u午VE o and u V 0

Bydefinitionof u v Ao modM and B三0 modm

Then M A⽃B Mp
This will force M 1

However we assumed M 1

Step亚 Set A u At vB B VA u B

Claim illMIA and MIB

县 ⼗ 县 rp
Sime 1 KM we finish the

descent pant

Proofof Claims 111 By definitionof
u v

UA vBE A2 B modM o modM

MI nAtvB A

VA UB E BA ABmodM 三 0 modM

Ml vA uB B

121 We showed

A⼗B2 Mp
u2 v2 Mr



u v2 Att B M

pr.Anide_ntityi.luATIYBP tlv
1m312 u v2 A B

Ait Bi M pr

By ⼩ MIA MIB 县 it 县Erp
Step IV If r 1 we repeat the steps

and finally we find n m P

Example P 881
A 387

Step I 3872 12 170.881 B I
M 170 881

Step I 387三 47 mod170 11 47

I 三 I mod170
V 1

472 12 13 170
t 13

Step I A FU AtVB 18190

BF VA uB 340

1819072 340
2 170.13.170.8751



器
2

告
2

1382

10712⼗ 22 138571

1371 we need to repeat the steps

Step I 1107
2
22 13 gs

A107B
2M13c871

Step I 107 三 3 mod13 11 3

2 三 2 fnod 13
V 2

r 1
u2 v2 13.1

Step亚 AE UAt VB 325

B2 VA UB 208

325Rt 20812 13.1.13 881

Divide M 132 and we get

25
2 16

2
881


