
 

Recall Let αE4

α is algebraic if we can find f X1 E Z x suuh

it f1α 0

Otherwise α is transcendental

In this lecture we will prove

β二 ii 0.11001 Liouville's number

is transcendental

theorem Liouville's Inequality Let α be an algebraic number

and α is a rootof the polynomial

f x coxdtcixdtti.cat Xt Cd

with integral coefficients let D be any numberwith

Dsd
Then there are only
finite_lymanyrationalsgla.be
ZI that satisfy the inequality
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Remark Compare this with Dirichlet's Diophantine

Approximation Theorem

We use an example to highlight the idea of proof

Consider x E f x X2 2

Suppose that D 2 and 台 is a rational satisfying

1告 Ek 古口

Idea find an upper
bound for f 台

a lower bound for If1台1

Upperbound f X X 2 X E x 2
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Lower bound
f 告 告

2
2 器 2 二 管

Notice f 告 to a 2b 0 la 2b 1

If1别二 1器 1 青
Combine two results

青 If1合1k 部
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D 2 b 1 2 ns finitelymany b

For each b there are at most

fini_tlymangcho.ieof a since 1号 E k 1
Therefore there are only finitely many choice of

告 suh that 1号 Ek古口 口

roofof
Liouville's Inequality

Lemma Let α be a solution for a polynomial fal EZE



then
f x x α g x

We skipthe proof of this lemma

We write gx eixdttezxd tn.edu X tea

Note e ed area necessarily integers

Now assure D d deg f x

and 告 satisfies 1告一 αk和 k1

and heme 告1 1 1α1 1

Upperh f x x α g x
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Triangle's inequality y Z ER lytzklytzll
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K a constant

This will imply

If 合11 1台 α1 19合11

古 k 散
Lower bound f x Coxdt
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d

cat 告 a
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We can assure f告 to sime thee are at most

d solutions for f x 0

Then ICoad Cdbdl 1

If1告 1 录
Combine tuo results 录 If1告1k㫖



This implies bD d K

Dsd Thee aeonlyfieg_marych.ie of b

For each b there are only finitely many a satisfyy

1告一 αk 1

Therefore there are only finiey many 告 suh

that 1告 一 αk 古口 口

Lemma Let β be the
Liouville's number

β二 点志
Then for any D I we can find infinitely many

rational members 告 such that

1告 一 β1 古口
Proof Set βN Ěiī 二 吉十志 亦

Obviously β β2 β3C βe β
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Set βN二 毙 bv 10N

β
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βN二 赢 it in

赢 i

赢 二
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This means 1βn β1 1器 一 βki
Now t Do and we can choose N D

Then for any βin with M N

1βM βl lu p.la前 赤
This means there are infinitely many rational solutions

for 1告 一 β1 施



Theorem Transcendence of β
Liouville's number β 有 is transcendental

Proof Suppose not Then βis algebraic and we

can find f x E Z x smh that fβ o

Let d deg.fixl Then by Liouville's inequality

there are finitely many rational solutions 告
such that

1告 一 β1 有
However the lemma is claiming that

there are

infinitely many
solutions such that

1告 一 β1 吉an
A contradiction


