









































































































Chapter 12 P83 84

Observation Let n 2 be an integer Then we can always find

a prime 9 such that qln
Twocases 小 n prine 9 n

a n not mine n 9 9g with
eachbeingprime

Theorem There are infinitely many prime
numbers

Euclid'sproof Proof by contradiction

A_ssu.nethat there are finitely many
primes

Then we can list all the primes P Pz Pn

We look at

A P Pz Pn t I

Let q be a prime suh that 91A

Then q
should be one of Pi Pn Forexample q p

However ged P A If god 9 A sime

A PiP3 Pn PI 1

This gives 91A
ged q A 1

冫
This en neve happen

at the sane time












































































































This means we get a contradiction

This implies our assumption is wrog
Therefore there are infinitely many primes

Euler's proof He looked at

当十 十方十片
ne
方 infinite series

He showed 不心方
二 is

Theefoe thee are infinitely many primes

I
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Chapter 13

We proved there are Infinitymany primes

We want to describe the
number of primes in a

more precise way

Therefore we will introduce the counting function

Beforethat we look at one easier counting function

For X70 we define

EM even numbers n with k n xj

Example

E11 evenmubesn with 1 n 1 0

E 3 evenmubesn with 1 n 3

红 1

E 4 evenmubesn with 1 n 4

二 井 2， 4 2

E 5 evenmubesn with 1 n 511

二 2， 4， 6， 8 48， 50J 25



E 100 evenmubesn with 1 n 100

2， 4， 6 98 100 50

We look at E妥

型 0 學二 舉之

舆 二 哥 器 一 器

Indeed we can show as x becomes longer and larger

婴 is closer and closer to 专

Therefore we have i

台 學 二 主 or EN 兰

Next we consider prime counting function

T x primes p with Kp x

Exanple T110 9prinesp with Kp 10J

92， 3 5， 7 4



Theorem 13.1 Prime NumberTheorem PNT

4以器 1 TM n 前

This was lonjertwedbyhanissendLgendre.in
1800s

This was proved by Hadamard and de la Vallée Ponssion

independently
calculusforcomponumbers

In their proofs they used
methods in complex analysis

to study Riemann zeta funtion

It's surprising that we need calculus to study integers

This is oneof the branches of numbertheory
analytic number theory

In 1948 Erdòs and Selberg found an elementary

proof for PNT


