
Chapter 9

In this lecture we prove the following theorem

Theorem9.1 Fermat's Little Theorem

Let p be a prime
number and let a be any

number

with a丰0 modp Then

a
P I

1 modp

Example Take p 7 and a 3

37 2 36 729

729 1 728 7 104

37 I 三 I mod 7

We will give tuo proof for Fermat's little Theorem

he 1st proof is based on the following observation

we again look at p 7 and a 3

We list all nonzero incongruent number for p 7
A I 2 3 4 5， 6



ISometimes they are also called residue
classes if we

write

1mod7 21mod7 3mlod7 4mod7 5mod716mod7

We multiply by 3 and reduce modulo7

t.i.it tl

iiiEanhofI

2， 3， 4， 5， 6 appears exactly one time

in row 2 and row4

This means

31 32 3 313.4 13.5 136 1 2 3 41516 mod7

11

36.11.2.34.5.6 12.3.4.5.6 lmod7

36 61 三 6 mod 7



We can show god 6 7 1

We can cancel 6 on each side and it
becomes

36 三 I mod7

Vow we introduce several lemmes before the Ist proof

Lemma I If a 三bcfmodm and god c m 1

then a三b modm

proof Homework

Lemma2 Let p be a prime then

god P 1 p 1

Proof Suppose not Then we can find another prime

q suh that p god P 1 p

q1p q p
Therefore p l P 1

Sime p l p I 1.2.3 P 1



p divides at least
one of them

This is impossible sine I 2， 3 p 1 4 P

If Pln then n 11

Lemma3 Let p be a prime muber and let a be

a number satisfying a丰0 modp
Then the runbeers

a 2a 3a p 1 a modp

are the sane as

1 2 3 p 1 modp

although they may be in a different order

Proof The list of a 2a 3a p 1la contains

1 numbers and none of them are divisible

by P

Claim every
two nubers ja kaljtk in the list

are not congruent fi p 1 I k p1



Suppose not then we can find ja ka smh

that plja ka lj
klaThenpllj
klorpla.pta aomodp and hence P j k

However we tahe I j p 1
1 k p 1

p 2 j k p 2

This implies j k o and jt A contradiction

Theafoe in the list

a modp 2 modp pt a modp

theearep
Idistinctnonzerovalnesmodp

However there are exactly p 1 distinct

nonzero values modp
1lmodpl 2lmodp P 1 modp

Theefoe



alnodp zalmodp p 21anlnodp

Ilnodp 2lmodp p I lmodp

Ist proof of Fermat's Little
Theorem

By Lemma 3 the sets above are the sane

Multiply them together we get

a 1 a 2 a.pt 三 I 2 p I

modpllaP

I.pe I 三 P 11 fmodp

Lemma2 shows gd 11111 p 1

By Lemma3 we can cancel p 1 on both sides

a P
I
三 modp 口


