
In this lecture we study let p be an odd prime

言

3yEuler's criterion we have

2
当

三 言 mod p

Therefore we just need h investigate 2
笁
modp

We look at two examples and then try to generalize it

Example I P 13 Set P 些 6

We look at all even integers between O and 13

2 4 6 8 10 12 6mmb

2.4.6 8.10.12 211 212 2 31.2141.2 5 26

26 1 12 31 4 5 6

26 6
2.4.6.8.10.12 三 2.4.6 8 13 10 13 12 13 md13

三 2.4.6 5 3 1 mod13

三 一1136



26 6 三 113.6 mod 131

26 1 mod13 言 1

Example I p 17 I 告 8

We look at all even integers between O and 17

2 4 6 8 10 12 14 16 8 numbers

2.4.6.8 10.12.14.16 211 212 2 3 2 4 2 5 26 2 1 218

28 8 modn

02.4.68.10.12.1416三2.4.6.8 1017 12 17 1417116 17

三 2.4.6.8 7 5 3 I nod

三 1
4
8 mod171

28.8 三 1 114.8 mod17

28三 I mod17 方 1



We consider a general P set P 笁

2.4.6 P 1 211 212 2131 一 2 竺

2
笁 些1

2.4.6 P1 2.4.6 当 生了 些I pt

Ienyty
三 2.4.6 些 是3 p 型 pl Ptp modpconsidered the

Gseěntn I
三 2.4.6 当 一 EPB 一HE 1 nd

Wecandothis

inii_u_c n.it 竺 mdp

1 number of integers in the list

2.4.6 8 H
C

that are larger than 些

2
是 些1 三 IT modpl

2是 三 1 modp 信 IT



Theorem 21.4 Quadratic Reciprocity Part I

Letp be anodd prime

言 9
1 if PEI 7mods

1 if P三 3， 5 mods

roof We need to consider 4 cases Here we only do

PEI lnod8 and P三5lmod81
Case P三 1 lmod8 P 8kt I I 些 4k

2， 4 6 4k 4kt2 8k 4k
numy

Weneed to count how many
numbers are P 4k

That is 4kt2， 4kt4 8k
There are 2k numbers in total and hence

2
竺

三 112k mod p
三 I mody

言 1



ase P三7 lmod8 P 8k 7 I一些 二4k 3

2， 4 6 4k 4kt2， 4kt4 8kt6

Weneed to count how many
members are P 4kt3

That is 4kt4 8kt6
There are 2kt2 numbers in total and hence

2些 三 112kYmodp 三 I mody

言 1

Case P三 3mod8 P 8k 3 I一些 4kt1

2， 4 6 4k 4kt2 8kt2

Weneed to count how many
members are P 4kt1

That is 4kt2， 4kt4 8kt2
There are 2kt1numbers in total and hence

2些三 112kt mod p 三一 I mody

言 1



Case P三5fnod81 P 8kt5 P 些 4kt2
We look at

2 4， 6 4kt2， 4k
ttittlǎiinigkt4

Therefore 2
些

三 一1121ˢᵗ1 modp 三 1 midp

矛 I
口

Remark In theproofofthe theorem the key observation is

2
些

三 1 modp

where number of integers in the list

2.4.6 8 11 1
that are larger than 些

Here is another way to interpret 2， 4， 6， 8 p l

2.1 22 2 3 2 当

Later when we consider 卡 we will look at

a I a 2 G 3 a 些


