
Recall in last class we studied which primes can be

written as of sums of two squares i.e

p at b

Answer A prime can be written as a sum of two

squares if and only if P2 or PEImod4

In today's class we study

Which integers can bewritten as sumsof two squares

Definition Let n be an integer n is sqnarefrenn if
the prime decomposition of n is of the form

n P Pz Pr
with pi distt

Example 12 2.2.3 not squarefree

15 3.5 sqnanefree

Observation for any integer n n canbe written in

the form
n_n n



where n is a squarefree integer
and nz is an integer

Remark god n n might be greater
than I

Example 24 2223

2.3.22 6.22

n 6 squarefree

ni 2

Question how to write an integer n is this form

Answer By prime decomposition
we can writ

几二 Pi'Pi pi qi 9β
with α αrodd and β βseven

Wejust need to rearrange the prime powers

Then nip Pz

Prnpi pi pif 当

We can cheek n_n in i



Sometimes we call n the sqnarefreepart.tn f n

Theorem Let n be an integer We write n_n ni
rith n P Pr being squarefree

Then n can be written as sumsof two squares
if and only if each pi is 2 or 三1 mod4

Example 111 n 15 nF 15 3.5

3丰 1 mod4

15 cannot be written as sums of two squares

121 几 45 5.32 nF5

5三 1 mod4

45 can be written as sumsof two squares

415 62 32

To prove the
theorem we have two pants

Let n be an integer and n_n ni pi Pr ni

II If n a'tb for some ab t2

then each prime of pi Pr is



either 2 or congruent w̅ I mod4

121 If eah prim p Pr is either 2 or 三 I Mod4

then n at b for some a bEZ

Observation By the construction of n n n

P n ordplnl is
an odd number

Therefore 1 is saying that let n a2tb2nitha.bt2

ifordpl.nl is odd then P丰3 mod4

To prove It it suffices to prove
this new statement

Proof of In Proof by contradiction

let n be an integer such that

i n a't b with abE2

ii we can find a prim p swh that

ordpln is odd and P 3 mod4

Sime ordplnlisodd.pl n
Then

in àtb 三0Cmodp

If gcdla.pl 1 then

b 三 a rlmodp and a is a QR



This implies 一 1
This is impossible sime p三3Cmod4

Thenfoe pla and Plb
Then n ātb p 部十部 pyn
We then look at 卡 91斗部

If Pt最 then ordp n 2 A contradiction

If pl卡 we run the argument again

ad ne get 品 二 告斗郜nith 19
We can always continue this process
and finally we show ordplnl is

even A contradiction

口

roofof part 2 We prove 2 in the following steps

219 Let P Pz be two primes being 2 or I cmod4

Then Pips atb for some a bE2

Recall for x y z w E R

X2 4 2 w xztyw
2
xwyz

2

By the
choice f P P2 PFait bi

Pa aitbi



Then Pills ait bi aitbi
aaztbib.pt abz abi

2SILetnPi
PrbesqnanefreeandeanhPiis2orItmod4 Then n atb

for some a b E2

Proof by induction on 上

St hetn nini pi.pr.in nithp

prane2or1mod4 Thenn a lb2 for someabt2

By step I n Fait bi for some a bit2

n aitbil.in
ainzpt bim

2
口


