
IermatlslastTheorem_z_e_iFo.sn 3 the equation

X Y 2

has no solutions in positive integers x y z

In today's class we consider n 4 Case

The equation becomes X4 ㄚ4 24

Indeed we will show

Theon e The equation x4 y4 Z2

has no solutions in positive integers x.y z

Remark This theorem is stronger than no solutions for

ㄨ4tㄚ4 24
Assune Theorem 50.1 is valid

Suppose that

X4 ㄚ4 24 has a solution

Then set X X y Y Z 22

Then x4 y4 22 A contradiction

Therefore it suffices t show Theorem 30.1



Lemma Let S t be two odd integers satisfying

gcdls.tl I Then gid1st stt 2

Proof Let plat St st
plzsadplztsimegedls.tk

I P 2

Next assure that 41st stt
Then SE t mod4

If s t I mod4 stt三 2 lmod4 4f Stt

If Sit 三3 mod41 Stt 三 2 lmod4 41stt
A contradiction

Therefore god Is t st t 2

Lemma Assume that ged a b 1 and ab n

Then both a bone squares

Proof By prime factorization n Pil Pi
ab P pi ppr

Sime gedLab I a b shoe no common divisors

If Pila then Pilla a is a sqnee

If Pjlb then Piillb b is a square



Remark We will again use the descent method

suppoe that we can find a solution x y z

then we can find another solution Xu y Zz

nith Zz c Z

We repeat this process
and we get

Z Z2 7 Z3 一

Finally we can find Z 1 which forces either

X or y to b 0 A contradiction

Therefore what we prove for the theorem
is

supposethat we find a solution X y Z

then we can find another solution X2 y Z smhthat

111 Xi Yu 2230

121 Z1 Z2

roof Suppose that we have the solution

X4 ty
4 Zi

Then this can be written as i

Xi 斗 yi zi



Furthermore we can as me that x y z has

上 commondivisors

Therefore xi yi z is a PPT

Then we can find s t 1 odd smh that

小 gedls.tl I

21 Xist yf
5望 ziszt

Lemma let n be an odd square then n 1 mod4

Notice that sit are odd and st.Xi

This implies that st 三 1 mod4

This will show S Et mod 4 y

On the other hand

2y i S E s.tl stt

Notiuthat21s t stt 4 s tl stt 412yi

and hence 21 yi 2 y 812yi
Notice that ged Is t 1 and SEt mod4



Thiswillshow s t 三0 mod4 stt 三 2fnod4
and god1st stt 2

Therefore we can write stt 2 A A odd

s t 4 B

This gives 2yi 8A.B nith gcd A 2B 1

yi A 4BnithgdA 2B 1

Both Asiai squares
We write Stt 二 2112 nith god lu 2v1 1

5t 4V2

This gives S 112 2V2 ZF 些 iii生么心一一

2

t u2 2V2 114 4v4 u2

Then X2 st 114 4v4

x2 4v4 u4 gidlu21 1

Next we set A X B 212 C u2 primitive

The equation
becomes A2 B C2

V7



Then A ST B 专 C SITE
品

2v2 B Σ 402 S2 T2 ST1StT

Again gcd S T St T 2

Then StT 2X2 S T 2ㄚ2

This gives S X Y ad F X2 Y2

Then

u2 C
ㄚ

ㄨ_
到十 ㄚ

X4 ㄚ4

We find another solution X Y u with kzy

We finish the proof


