
Let D be a fixed positive integer and it is not a square

Pell's equation x2_Dy 1

Question Find all positive integral solutions for Pell's equation

Theorem Pell's equation theorem Let D is a positive integer

that is not a perfect square The Pell's equation
2
Dy 二 I

always have infinity many solutions in positive integers

Moreover let x yi be a solution with smallest Xi

then every
solution Xr yr can be obtained by

taking powers

XntynTp XityD
k
for k 1， 2， 3

Some fats let D be a positive integers and it is not

a square Then

QITD at bin a b t Q

with atb.is t ctdi a tc t btd iD

atbii c diD actbdD tladtbdTD



is a field

For α at bTD EQ we can define its conjugate by

x ̅ a bTD

Then αx ̅ a2 b D

Cheek a2 bD c2_dD act bd D
2

ladtbc D

α.x ̅ β.β αβ āβ

Note α xtyTDadlx.gl is a solution for Pell's equation

Then α.x ̅ 1

We will skip the proof of Moreover
part

Jigeonhole Principle suppose that we have infinitely many

buntTon.ly finitely many pigeonholes Then

there exists a pigeonhole with infinitely many pegions

Lemma Let X.gl be a pairof positive integers

satisfy.glx yrisky then

1XEy DK3TD



Proof lxty2DK x yiDl.lx

yiDlSinelxyrDlcj

_jtyTDcx yiptj
3yiDs jtzyiD XtyiDayiDtjsy.IE

IxtyTDK 3yTD

li yiisl lxtyiisllx.grDl

3yTD.J 3TD 口

Next page for the proof of
the theorem



roof of Theorem Set T L3BJ

For T n T n an integer we define

AIM x y lx yiilcjandx2 y2De.nl

By Dirichele's Diophantine Approximationtheorem there are

infinitymany pairs x.gl satisfying lx

yipkjlx.glpigeons infinitely many

By Lemma if IX yTD kj then x y EA n for
some n.EE T T
A n ____ pigeonhole finneymay 2T十1

3y Pigeonhole principle
thee exists an MEET TJ

and A M contains infinitely many pairs of xy

Now A M x y lx y.DK x2 y后 M

has infinitely many solutions

x.y pigeon infinitelymany



Next for each x.y EA M we consider

x modMI y modM

a modM blmodMDuni.piseonh.de
finingmang
atmost M

Then we can find 0 a b M 1 smh that

A Mia b x y X y.DK XEDy M
XEa modM y bmodM

contains is many
elements

Take x y f XuYi EA Mia b

Then Xi三 X2 mod M xi yiD
My三 ys modM xi yi D M

Assure Xi X2 0 then y

syzsosetixtyrn.int二 int
Xixiyiyzyhfxiyixiyiiisnzznn



ㄨ2ㄚ 公一 TD

claim x y is a solution for Pell's equation

Proof of Claimif
We need to show

lǒ iii
Xiyae integers

y'D ㄨˋ_ 2_ µm D

xiixif业 器 1

Xi Xi YiYiDE Xi yiD mod M 三 0 modM

x
狄业 is an integer

XIYz X.gl 三 Xiy 一 Xiy modM o modM

y 刈上一 is an integer

Both Xiy are integers and X Dy2 1

X 10 We show y to

If yo then X y2 Xly



YǏM二 YĪ xi y D yixi yiyiD

xiyi_ yiyiD yi x yip
yi M

This forces yi yi y yr y yz so

A contradiction X y x y

This process also shows every tire we have

X y f Xu y E Al Mia b we can get a

solution for X Dy 1

AlMiab contains infinitely many solutions and

hence there are infinitely many solutions for

x2_ Dy 1


